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Abstract. A higher dimensional generahzation of taut foUations is intro- 
duced. Tools from symplectic geometry are used to describe surgery cons- 
tructions, and to study the space of leaves of this class of foliations. 

Codimcnsion one foliations are too large a class of structures to obtain strong 
structure theorems for them. According to a theorem of Thurston 39, a closed 
manifold admits a codimension one foliation if and only if its Euler characteristic 
is vanishing. In order to draw significant results it is necessary to assume the 
existence of new structures compatible with the foliation. We mention two possible 
approaches (in what follows the manifolds will always be closed and oriented, the 
codimension one foliations co-oriented, and all the structures and maps smooth 
unless otherwise stated): 

(1) Impose the existence of a richer transversal structure. The foliation on M is 
defined by charts (pi: W xM.^ M sending the leaves R^* x {•} to the leaves 
on [charts adapted to J^). Let T be the disjoint union of the transversals 
{0} X M; it carries a smooth structure. The change of coordinates generate 
a pseudogroup F of transformations of Diff (T), the holonomy pseudogroup. 
A transversal structure on is a structure on T invariant by the action 
of r. For example we have transversely analytic foliations, whose existence 
prevents 7ri(Af) from being finite |16j : riemannian foliations (when F are 
isometries of some riemannian metric on T) , for which there is a structure 
theorem |2H] implying that !F ~ keia, with da — 0, and therefore M is a 
fiber bundle over ; foliations with a transversal invariant measure (when 
F are ergodic w.r.t some measure on T), whose existence -related to the 
growth of the leaves- has strong consequences on the topology of M ■ 

(2) Introduce metrics (resp. closed forms) adapted to the foliation in some 
sense. Once we fix a metric in (M^^^^T), there is an induced comass 
norm || • ||* on p- forms jl7j . A p-current T is a current of integration if its 
mass M{T) := sup{T(a), ||a||* < 1} is finite. Any integration current has 
an associated local Radon measure ||T||, and for ||T||-a.e. point a; in M 
there is an associated measurable field of p-vectors such that 

T(a) = J a{T,)d\\T\\{x), Va e ^p{M) 

T is said to be a foliation current if = for ||T||-a.e. x in M, where 
Fx is the oriented unit p-vector spanning the tangent space to T at x. 
Closed foliation currents are in one to one correspondence with transversal 
invariant measures. 

J- is said to be geometrically tight if M carries a metric such that every 
foliation current is mass minimizing among its cohomologous integrable 
currents. Geometric tightness has interesting consequences regarding the 
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growth of the leaves of the fohation and the existence of compact leaves 

ini- 

We would like to take a closer look at the second approach. We will use from now 
on the subscript T (resp. if is a submanifold of M) to denote the restriction 
of a form, connection,... to the leaves of T (resp. to W). 

Recall that geometric tightness is characterized by the existence a closed p-form 
f which is positive on T ^Zj (and which is a calibration for T w.r.t some metric 
g 5H|)- The kernel of ^ is a line field transversal to T . Let X be any no- where 
vanishing vector field in ker^. Then £xC — and if X (possibly locally defined) 
preserves T we also have Cx£,r — 0. Hence, geometric tightness can be understood 
as the existence of a leafwise volume form which for an appropriate transversal 
direction remains unchanged. 

Locally we can take charts adapted to T with coordinates xi, . . . , Xp, Xp+i, and 
make sure that the line field ker^ goes to "vertical" line field spanned by d/dxp+i. 
We can always find a self-diffeomorphism of the leaf through the origin so that 
restricted to that leaf is pulled back to 

Shp := dxi A • • • A dxp 

If we extend it independently of the vertical coordinate Xp+i then ^ is pulled 
back to 

^Rp+i := dTi A • • • A dxp e 

Therefore, geometric tightness is equivalent to the existence of a reduction of 
the structural pseudogroup of (M, T) to Vo1(Ep, Srp) x Diff (R), where Vo1(Kp, Srp) 
denotes the pseudogroup of diffeomorphisms (defined on open sets) of preserving 
the volume form Srp . 

From this point of view it is easy to see how to construct closed transversal 
cycles through any point: for each x £ M parametrize the orbit of ker^ through 
X with g-speed 1 and in the positive direction (we have a fixed riemannian metric 
g). For each e > small enough, let Byr[x,e) be the ball of radius e in the leaf 
through X and centered at x. Let (fx '■ Bj^{x, e) x [0, oo) ^ M be the one parameter 
family of diffeomorphisms defined by integrating a (local) vector field in ker^ such 
that the diffeomorphisms preserve the leaves, and normalized by declaring (px{x,t) 
to be the aforementioned parametrization of the orbit through x. By compact- 
ness, there exists a constant C > such that the volume swept out in time t is 
greater than tCYo\{Byr{x, e)). Again by compactness there exists a. > such 
that ipx.tS^y^i^i^)) <~^Bj^{x,€) (this is essentially a classical argument that 
goes back to Poincare) . By deflecting a bit the orbit for values of t in [te — S, t^] , 
for 6 arbitrarily small one constructs closed cycles (see , where this elementary 
construction appears). 

Each time that the orbit enters Byr(x,e) we have a return map which belongs 
to the pseudogroup Vo1(Rp,5rp). li p = 2 -i.e. if we have a taut foliation in a 
3-manifold- then under certain circumstances we can deduce interesting geometric 
information about the existence of more closed orbits (Poincare-Birkhoff theorem). 
If p > 2 we have little "geometric" control on the return map, for the only invari- 
ant -assuming its domain to be diffeomorphic to a ball- is the total volume |15| . 
and problems as the existence of higher dimensional transversal submanifolds seem 
difficult to attack. 

It has been known for some time that if one wants higher dimensional gene- 
ralizations of the Poincare-Birkhoff theorem, then the right setting is not volume 
geometry but symplectic geometry ^^l- Recall that a symplectic structure on a 
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manifold X^" (always of even dimension) is a closed 2-form il which is maximally 
non-degenerate, i.e. 17" is a volume form. 

We want to propose the following higher dimensional generalization of taut foli- 
ations (see also |22p: 

Definition 1. A (co-oriented) codimension one foliation !F of M'^^'^^ is said to be 
2-calibrated if there exists a closed 2-form lo such that LUjr^^ is no-where vanishing. 
The 2-calibrated foliation is integral if [a;/27r] g H^{M; Z). 

Our main result is: 

Theorem 1. Let {M,T,uj) be a 2-calibrated foliation. Then there exists an em- 
bedding ^ M such that 

(1) is transversal to T and tow calibrates Tw ■ Hence, {W'^ ,Tw) is a taut 



(2) The inclusion {W^^Tw) ^ iM,J^) descends to a homeomorphism of leaf 
spaces W/Tw M/T. 

Point 1 in the above result can be thought as a manifestation of the fact that 
the return maps associated to the flow of kertj belong to Symp(R^", f2j|2n), the 
pseudogroup of diffeomorphism (with domain an open set) of M^" that preserve the 
canonical symplectic structure 



These symplectomorphisms are much more rigid than the transformations pre- 
serving the volume form fij^a,! — SR2n (see for example il2|)- They preserve the 
symplectic invariants of the corresponding subsets of R^", so for example these 
cannot be squeezed along symplectic 2-planes (the symplectic capacities have to 
be preserved); naively, one might try to construct the transversal 3-manifolds of 
theorem^ by choosing tiny 2-dimensional symplectic pieces Y,x inside a leaf, whose 
image by the return map (for very large time, because the surfaces are very tiny) 
is a small 2-dimensional symplectic manifold ipx^tS'^x) that can be isotoped to Y,x 
through symplectic surfaces. Then the isotopy could be used to connect (px,t^-5{'^x) 
with Sa; and thus get a piece of 3-dimensional taut foliation. Of course, this idea 
seems difficult to be carried out, for the different pieces should be combined to 
construct a closed manifold, but it gives some insight of why point 1 in theorem^ 
holds true. Actually this result is a rather elementary consequence of the approxi- 
mately holomorphic techniques for symplectic manifolds introduced by Donaldson 
[3 El- The proof of point 2 in theorem ^ however, is more elaborate and uses the 
Lefschetz pencil structures for 2-calibrated foliations introduced in [22]. 

The paper is organized as follows. In section we introduce basic facts and 
definitions about 2-calibrated foliations and give examples. We also study their 
relation with regular Poisson structures. 

In order to show that 2-calibrated foliations are a broad enough class of folia- 
tions, section 121 presents a surgery construction modelled on the normal connected 
sum for symplectic manifolds. A surgery construction based on generalized Dehn 
twists is presented in section |31 In subsection 13.41 this generalized Dehn surgery 
is shown to admit an equivalent description as the new end of a cobordism which 
amounts to attaching to the trivial cobordism a symplectic handle along a parame- 
trized lagrangian sphere; to prove the equivalence we need some results about (i) 
cosymplectic structures and about (ii) the symplectic monodromy around a critical 
value of a symplectic fibration. As a byproduct, we get a proof of a result announced 
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by Giroux and Mohsen relating generalized Dehn surgery along a parametri- 
zed lagrangian sphere in an open book compatible with a contact structure, and 
legendrian surgery along the aforementioned sphere. 

In section 0] we recall the notion of a Lefschetz pencil structure for (M, JF, uj) 
and the main existence theorem. A Lefschetz pencil structure admits a leafwise 
symplectic connection. The basic facts about the parallel transport are collected in 
subsection 14. II They are a basic tool to relate (i) the leaf space of a regular fiber of 
the pencil with the leaf space of {M, us) and (ii) the 2-calibrated foliations induced 
on different regular fibers. In subsection 14.21 it is proven that the 2-calibrated 
foliations that inherit any two regular fibers of the pencil are related by a sequence 
of generalized Dehn surgeries. In subsection 14.31 we point out the relation of the 
growth types of the leaves of M and of the fibers. 

In sectionEla Lefschetz pencil structure for a 3-dimensional taut foliation is seen 
to decompose -away from a well behaved measure zero set- as the disjoint union 
of solid tori x whose S^-fibers are transversal cycles. This decomposition is 
used to define in a geometric way families of harmonic measures with full support. 



Definition 2. Let {M^J-,uj) he a 2- calibrated foliation and I: N ^ M a subman- 
ifold. N is a 2-calibrated submanifold if (iV, is a 2-calibrated foliation. 

The definition of a 2-calibrated foliation can be given locally. 

Definition 3. A 2-calibration for {M, J-) is a reduction of its structural pseudo- 
group to S'ymp?(M2"^f]jj2„) x Diff{R). 

To prove that definitions ^ and |2| are equivalent we need the following Darboux 
type result: 

Lemma 1. Let . . . ,a;„, y„,t be coordinates on M^"+-'^ and let 



Around any x £ M we can find a chart ip: (M'^" x M,0) ^ (^i^;) adapted to T 
and such that (p*uj = LUT^2n+i. 

Proof. We start with a chart centered at x and adapted to !F. Next we modify 
it (preserving all leaves setwise) so that the kernel of ui is sent to the "vertical" 
lines xi = ci, yi = C2, . . . , a;„ = C2n-i, = C2n- Finally we apply Darboux' lemma 
to the leaf through the origin. The relevant observation is that the kernel of lu 
matching the vertical lines together with uj being closed implies that the resulting 
2-form is independent from the vertical coordinate t. □ 

From lemma^we deduce that definition ^ implies the reduction property stated 
in definition 121 To go in the other direction we just need to paste the local 2-forms 
0R2n of lemma n to obtain a 2-calibration for JF. 

The problem of deciding which manifolds admit a 2-calibrated foliation can be 
divided in several (very hard) subproblems: a 2-calibrated foliation (M, uj) is 
the superposition of several compatible structures. Firstly the foliation structure. 
Secondly the 2-form restricts to a closed non-degenerate foliated 2-form wjr; that 
defines a regular Poisson structure (Af, A), A e X^{AI), A^^ = ujjr, whose symplec- 
tic leaves are the leaves of T. And thirdly, the foliated symplectic form is seen to 
admit a lift to a global closed 2-form uj (or a transversal direction along which the 
Poisson structure is invariant). 
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The second of the aforementioned steps, i.e. deciding which codimension one 
fohations are the symplectic foUations of a Poisson structure, is very comphcated. 
The only partial result applies to open manifolds (see 001)) where even the notion 
of openness is more involved than the usual one, for it depends not only on Af but 
on the pair (M, T) (it relies on the existence of certain Morse function compatible 
with the foliation). 

Regarding the third step, the existence of the lift for the foliated 2-form lojt is 
obstructed in general: associated to a foliation T there are two natural cochain 
complexes. The first one is the subcomplex of the de Rham complex of basic forms, 
the forms vanishing along the directions of T and with vanishing Lie derivative 
w.r.t. (local) vector fields tangent to the foliation. This subcomplex is preserved 
by the exterior derivative and its cohomology is called basic cohomology. 

The quotient of the de Rham complex by the subcomplex of basic forms is the 
complex of foliated forms, giving rise to the foliated cohomology groups H'^{!F). 
There is a natural spectral sequence relating both cohomologies (and whose E^''' 
groups compute the foliated cohomology groups). 

The existence of a lift for uojr to a global closed 2-form follows from the vanishing 
of three obstructions associated to this spectral sequence (see for example pP). In 
dimension 3 any co-oriented foliation by surfaces admits a leafwise area form, but 
according to a classical result of Sullivan only taut foliations posses leafwise area 
forms coming from closed 2-forms. 

We would like to see a 2-calibrated foliation as a codimension one regular Poisson 
manifold with a lift for LOjr to a closed global 2-form to. We are not fully interested 
in the 2-form oj, as the following definition reflects. 

Definition 4. Let {Mi,J-i,Wi), i — 1,2, be two 2-calibrated foliations. The two 
structures are said to be equivalent if there exists a dijjeomorphism (j) : Mi — > M2 
such that 

• (j) is a Poisson morphism or equivalence (i.e. it preserves the foliations 
together with the leafwise 2- forms). 

• ['t'*W2\ — [wi] and (j) preserves the co-orientation. 

According to the previous definition the identity map 

Id : (M, T, Lu) (M, T,uj + 

is an equivalence of 2-calibrated foliations if and only if /3 is a basic 2-form with 
(3 — da. 

Example 1. Let {M^,J^, uj) be a 3-dimensional taut foliation and (P, fi) a symplec- 
tic manifold. Then the product M x P with foliation x M and 2-form p\u) -\-p2^ 
is a 2-calibrated foliation (pi,p2 are the projections onto each factor). 

Example 2. Let (P,^) be a symplectic manifold and -ijj: P P a symplectomor- 
phism. The mapping torus associated to P x [0, l]/(x, 1) ^ {'>p{x),0), is a fiber 
bundle over . The fibers foliate the manifold and the pullback of to P x [0, 1] 
descends to the quotient to define a 2- calibration. 

//^,^' G Symp(P, 17) are isotopic through symplectomorphisms, then if dimP > 
4 the resulting mapping torus are equivalent as 2-calibrated foliations (see the proof 
of the uniqueness statement of proposition Conversely, if a mapping torus 

M carries two equivalent 2- calibrations fl and ft' , then for any fixed leaf 

the corresponding return symplectomorphisms 5* and VP' can be joined by a path 
of symplectomorphisms: the convex combination (1 — t)n -\- tVl' defines a path of 
2- calibrations giving thus the desired path of symplectomorphisms. 
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Example 3. In consider the canonical 2-form w^s . It descends to a closed 
2-form uj-fB to = R^/Z^. Let T he any of the foliations on induced by a 
foliation o/R^ by hyperplanes transversal to the vertical coordinate t — x^,^ so that 
the hyperplane through the origin only intersects the integer lattice at the origin. 
Then {T^,J-,ujj5) is a 2- calibrated foliation with open leaves diffeomorphic to R^. 

Actually, since it is known that a co-oriented codimension one foliation is a 
mapping torus if and only if its leaves are compact, the second example describes 
all 2-calibrated foliations with compact leaves. 

If (Af, J^, uj) is a 2-calibrated foliation, then if T' is close enough to T (as distribu- 
tions), then {M,!F,u}) is a 2-calibrated foliation. Example 01 can be constructed by 
slightly perturbing (the distribution of) a 2-calibrated foliation of with compact 
leaves. 

Lemma 2. Let T be a co-oriented codimension one foliation on M closed and 
oriented manifold, and let I : W ^ M be a submanifold such that (i) I is transversal 
to J- and hence W inherits a structure of foliated space {W,!Fw), o,nd (ii) each leaf 
of T intersects W in a unique connected component. Then we have: 

(1) The embedding descends to a bisection I: W/Tw Z / T which is a home- 
omorphism. 

(2) // J-'x is a leaf with polynomial growth, then J-w,x '■— H W has poly- 
nomial growth. Equivalently, if J-w,x has exponential growth then Tx has 
exponential growth. 

(3) J^x is compact if and only if !Fw,x is compact. 

Proof. The map is a bijection by condition (ii). 

Open sets of W/!Fw (resp. MjT) arc in one to one correspondence with satu- 
rated open sets of W (resp. M). 

Let V be an open saturated set of (M, JF) . By definition y n is an open 
set of W which is is clearly saturated (even without the assumption of / being a 
bijection). 

Now let V be an open saturated set of {W,Tw)- We want to show that its 
saturation in (Af, JF), denoted by y^^'^ ^ is open and does not include any other 
point of W . 

First of all recall that if ^ is a saturated set and x , then x is an interior point 
if and only if for some Tx a local manifold through x transversal to the foliation, x 
is an interior point oiTx^V . 

Hence, every a; £ is an interior point of y^'^''^ . By using the holonomy, if a 
point in a leaf is interior the whole leaf is made of interior points. Since every leaf 
of y^^'^ intersects y , V^^-^ is open. 

We now use that / is a bijection to conclude that y — yoV^'^'''^, and this proves 
point 1. Notice that compactness of M is not required. 

The two statements in point 2 are equivalent, because following Plante (2S| the 
leaves in a compact co-oriented codimension one foliation have either exponential 
or polynomial growth. To prove them one can observe that any leaf J-x with poly- 
nomial growth is in the support of an invariant transversal measure; this measure 
restricts to an invariant transversal measure in (W,J-w) with J-w,x in its support. 

It is clear that compact leaves in M give rise to compact leaves in W. Conversely, 
assume that J^x is not compact. We know that if y is a point in J-'x\^x, then J^y 
-the leaf through y- belongs to Tx\Tx. By hypothesis we have a point z ^ Ty{^W . 
If we take a chart adapted to T and centered at z we will have a sequence of plaques 
of !Fx accumulating in the plaque of Ty containing z. Since W is transversal to T , 
it will have non-empty intersection with all plaques close enough to z. Thus, we 
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can construct a sequence of points w„ G J-^ n T4^ whose limit z does not belong to 
T^^W. □ 

Theorem ^ will follow from the existence of a submanifold satisfying the 
hypothesis of lemma [3 In example 1 if we fix a point p E P, then x {p} is 
a submanifold oi M x P fulfilling the conditions of lemma |21 Since there is no 
restriction for the growth type of the leaves of a taut foliation, we conclude that 
the same happens for the leaves of 2-calibrated foliations. 

We are interested in constructing as much examples as possible of (integral) 
2-calibrated foliations. To do that we will introduce two surgery constructions. 

2. Normal connected sum 

The symplectic normal connected sum is a surgery construction in which two 
symplectic manifolds are glued along two copies of the same codimension 2 sym- 
plectic submanifold, which enters in the manifolds with opposite normal bundles 
(see [H). 

This surgery construction can be extended to regular Poisson manifolds, where 
the submanifold we glue along is of codimension two and inherits (i) the same Pois- 
son structure with compact symplectic leaves from both embeddings and (ii) oppo- 
site normal bundles (see HO] for definitions and results). If the Poisson structures 
are induced from 2-calibrated foliations {Mj,!Fj,ujj), j = 1,2, then the Poisson 
normal connected sum Mi^^M2 (along and appropriate submanifold and with glu- 
ing map V') is another regular Poisson manifold with codimension 1 leaves. As we 
mentioned in the previous section, the existence of a lift for the Poisson structure to 
a 2-calibrated structure can be studied through a spectral sequence. We are going 
to give an effective construction of the lift under some extra hypothesis. 

Theorem 2. Let (Mj'^'^^,J^j,LUj), j — 1,2, be two integral 2-calibrated foliations. 
Let {N'^'^~^,J-n,liJn) be a 2-calibrated foliation which is a mapping torus (the foli- 
ation has compact leaves). Assume that we have two maps Ij : N ^ Mj embedding 
N as a 2-calibrated submanifold of Mj (definition\^, and such that: 

(1) H'^{N]1i) has no torsion. 

(2) The (compact) leaves of N have vanishing first (real) cohomology group. 

(3) The normal bundles of the embeddings are trivial. 

(4) The 2-calibrated foliations induced by the embeddings are eguivalent to the 
original one {N,J^n,uj]\[) (definition^. 

Then for a choice of gluing map ip, there are Poisson structures A defined in the 
normal connected sum Mi^^M2 that admit a lift to an integral closed 2-form uj. 

Proof. Let Aj, j — 1,2, denote the underlying Poisson structure on {Mj,J^j,ujj). 

Let X, y be coordinates on ]S? and r, 9 the corresponding polar coordinates. Let 
D{r) denote the open disk of radius r. Fix metrics on Mi and M2 and define the 
tubular neighborhoods 

K,(N){r) U e M, I d{x, lj{N)) < r}, j = 1, 2, 

Since the normal bundle of lj{N) is trivial, for 6 > small enough we have 
identifications 

M,(N){25) ^ D{25) X IjiN), j = 1,2, (2) 

that can be chosen so that we have the following equality along the leaves 1201 : 

ujj = p*2UJi.(N) +P*i{dx A dy) (3) 

where pi,p2 denote the projections of D{2S) x lj{N) onto the first and second factor 
respectively. 
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Let Aj = {D{6)\{0}) x lj{N) C Mj, j = 1,2. The gluing map that defines 
Mi^^M2 identifies Ai with A2 as fohows: 

^■.{D{d)\{0})xh{N) ^ {D {S)\{0} ) X UN) (4) 
{r,9,q) ^ {VS^^,~9,hol^\q)) 

Equations 13 and 21 imply that the Poisson structures Ai and A2 are compatible 
with ip, and therefore induce a Poisson structure A on Mi^^M2 whose associated 
foliation we denote by J- . 

We want to define the lift w as i times the curvature of a hermitian complex line 
bundle with compatible connection. 

Let us fix hj an integral lift of [ujj\. Then we have a unique (isomorphism class 
of ) hermitian complex line bundle with compatible connection [Lj , Vj ) such that 
ci{Lj) — hj /2Tr and iFj = ujj. 

The puUbacks Lat.i :— l\Li and iAr,2 '■— ^2^2 are isomorphic bundles because 
for both the curvatures Lo^^j :— IjUjj, j — 1,2, define the same real cohomology 
class (condition 4), and since the integral cohomology has no torsion (condition 1) 
they are representatives of the unique isomorphism class of hermitian complex line 
bundle with Chern class [lun^i/2t:] — [lun^2/'^'^]- Let us fix 

^'o: Ln.i ^ Ln.2 (5) 

a (hermitian) bundle isomorphism. 

We want to show that ■0- ^1 — ^2 lifts to an isomorphism ^> : ~^ ^2|A2 

of complex hermitian line bundles. 

Let Sj,r ^ X lj{N), r e (0,(5), denote the points in Aj with fixed radial 
coordinate r. We have Lj^^ = P2^Ar.j|g. • Hence ^0 in equation induces an 
identification 

^^2|S^ ^,P-^ 

Putting together all the bundle maps r g (0, 5), we get a bundle isomorphism 

Li\Ai ^AM 

Notice that if '^'^ : Ljv.i Ln,2 is isotopic to ^Pq, then '5' and are also isotopic. 

Using 4" we obtain a hermitian line bundle Li^^L2 —>■ Mi^^M2. This line 
bundle has two not everywhere defined hermitian connections Vi , V2, which overlap 
in Ai C Mi^^M2- We want to modify them so they can be glued to define a global 
connection whose leafwise curvature is — lA^^. 

Step 1: Modify Vi so that the restriction of both connections to N coincides 
along the leaves. 

From now on we omit the identifications /i, I2 and tp. Let Vatj , j = 1, 2, denote 
the restriction of to ^atj , and let a e ri^(iV) be the difference — ^V^r.l+^^'5VAr_2■ 
Since da = —u>N,i +'^N,2, by condition 4 a is leafwise closed. From condition 2 we 
deduce the existence on each (compact) leaf of iV of a function whose derivative is 
a. It is also possible to make a choice on each leaf so that the resulting function 
f:N^Ris smooth. 

Let (3 : [0, 2d] [0, 1] be a standard cut-off function of a single variable with 
/3|[o,5] — 1, /3|[35/2,2i5] = 0. It induces a function /? g C°°{Mi) by letting r be 
the radial coordinate in the fixed parametrization oi J\fi\[(2S) in equation El and by 
declaring it to vanish on the complement of the aforementioned neighborhood. 

Consider the new hermitian connection on Li 



Vi Vi - id{Pp*2f) 
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By construction Fy^ = Fy^ and the restriction of Vi to Ljv_i equals '^q'^n,2 
along the leaves. 

Let us still call Vi the new connection on Li. 

Step 2: Modify Vi, V2 to have a leafwise normal form on D{S) x N. 
On D{2S) X N C Mj, j — 1, 2, consider the connection 

'^j ■— pV^ N,j — il'2,p*i{xdy — ydx) — p'^'^n.j + i/2p\{r'^d9) 
According to equation |2| along the leaves of D{25) x N C Mj we have 

— —iu>i 

Hence rjj :— —i'^j + «Vj is a 1-form on D{2S) x N which is leafwise closed. 
Again, condition 2 implies the existence of smooth functions hj : D'^{25) x N ^ M. 
such that djrMj — rjj^^ . 

Consider the new hermitian connections on Lj 

It can be checked that 

(1) Fv^. = Fv, 

(2) The restriction of Vj to ij|£)(5)xw equals along the leaves 

Let us still call Vi and V2 the connections matching V{ and V2 in D{5) x N 
respectively. 

Step 3: Study the difference V\ - vl/*V2 ^1 C Mi along the leaves. 
By construction, 

Vi - 4'*V^ =p;VAr,i + i/2p\{r^de) - {^*{pIVn.2 + i/2pl{r^d0))) (6) 
Step 1 gives 

pV^ns - «'>;Vjv,2 = 
along the leaves, and hence equation restricted to the leaves becomes 

VI - **V^ = i/2p\{r^de) - {■^*i/2p\{r^de)) (7) 
Now by equation 0] 

^*i/2pl{r^de) = i/2r^p\{de) ~ i/2S^pld0 
and we get the leafwise equality 

Wi - «'*V^ = i/25^pld9 (8) 

Step 4: Make a final correction on V2. 
Let V2 = V2 - i/2S^d{l3pl9). 

By the previous step, along the leaves of the "annular region" Ai we have 

Vi - **V2 = i/2S^plde - i/2S^d(^*Ppie), (9) 
and since on Ai we have 

d{ip*l3pie) = PpldO, 

we conclude that equation IHl is a leafwise equality. 

Let (3: [0,25] [0,1] be a cut-off function of one variable with P\[o,s/2\ = 1, 
1^1 [5,2(5] = 0. Let / denote also the corresponding cut-off function induced on Mi\N 
by letting r be the radial coordinate in the fixed parametrization of A/jv(2(5). 
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We can define a global hermitian connection V on Li^^L2 Mi^^M2 by the 
formula 

f(l-^)Vi+;9vE'*V2 inMi\iVcMi#^M2 
\V2 inAf2\^2 C Mi#^,M2 

The connection V is well defined. Let ui iF^ . Away from Ai C Mi^^M2 it 
is clear that ujyr = A^^. Since the connections Vi, V2 coincide in the leaves of Ai, 
then ujyr = cjiijp-j = A^^ in that region also. Therefore ijj is a lift for A~^. 

□ 

Proposition 1. The equivalence class of the 2-calibrated structure defined in the- 
orem\^only depends on the isotopy classes of ip and 5'o : iAr,i iAr,2- 

Proof. Let us fix ip. By construction the Poisson structure associated to isotopic 
lifts \['o and is the same (it does not depend on the bundle maps that lift tp). 
Therefore, we only need to check that the cohomology class of the 2-calibration is 
the same (here the equivalence will be given by the identity map). This is equivalent 
to showing that the complex line bundles Li^\i,L2 and ii^^'£2 are isomorphic, 
and the isomorphism is easily constructed using a isotopy connecting the identity 
with *o o *o- 

If in the normal connected sum we choose isotopic identifications ip and ■0' of the 
normal bundles of li{N) and hiN), then by the results of [20] there is a Poisson 
equivalence (p: (Mi#^M2,A) (Mi#^,M2, A'). 

It is easy to check that if 4'o and are isotopic then Li^^L2 and <p* Li^^,iL2 
are isomorphic, and thus (p is an equivalence of 2-calibrated foliations. □ 

The normal connected sum can be used to construct 2-calibrated foliations that 
use as building blocks the 2-calibrated foliations of examples ^ and but which 
are neither products nor mapping tori. 

Example 4. Let (P**, fl) be a symplectic ^-fnanifold such that it contains a sym- 
plectic sphere with trivial normal bundle; let A be the induced area form on the 
sphere. Let ip G Symp{P,QP) such that Lp\g2 — Id (for example ip can be the identity 
itself). We define {Mi,J^i,uJi) to be the mapping torus associated to ip. 

Let {M2,T2,i^2) be a 2-calibrated foliation as in example\^ using as factors any 
taut foliation {Y^,J-,uj) with some non-compact leaves, and the sphere {S'^,A). Let 
C be a fixed transversal cycle for {Y^,J^,uj) and 6 : — s- C any fixed positive 
parametrization (w.r.t. the co- orientation). 

Let be result of applying the mapping torus construction to Id £ Symp(5^, A) 
(N = X S"^ ). Since '~p\s^ — Id, there is an obvious embedding li: N ^ Mi. The 
embedding I2 is the product map x Id: N ^ AI2. 

By construction the embeddings fulfill the hypothesis of theorem\^ so we obtain 
a 2-calibrated foliation (Afi^^A/2, J-", w). 

There is a one to one correspondence between the leaves of {Y^,J-) and the leaves 
of {Mi^^M2,T). This correspondence sends compact leaves to compact leaves and 
non-compact leaves to non-compact leaves. Since {Y^,!F) is assumed to have non- 
compact leaves {Mi^jpM2,T ,lo) is not a mapping torus. 

If {Y^,!F) is further assumed to have a compact leaf S and C DT, is a point, 
then {Mi^^M2, T ,U}) has a compact leaf Tc which is the symplectic connected sum 
of (E X S"^ ,p\uj\^ -f P2^) and {P, ft) along a trivial symplectic sphere. It is not hard 
to find symplectic ^-n^ianifolds (P, fl) so that Tc is not a product and therefore the 
resulting 2-calibrated foliation is not the product of a taut foliation with a .surface. 
For example, we can take P to be the non-trivial -bundle over with a symplectic 



A HIGHER DIMENSIONAL GENERALIZATION OF TAUT FOLIATIONS 



11 



structure that makes a fiber a symplectic sphere. It can be checked that Tc is then 
a non-trivial S^-bundle over S. 

Remark 1. In 20 it was shown that the normal connected sum could be used 
to construct 5-dimensional simply connected regular Poisson manifolds with codi- 
mension one leaves. Those methods, however, cannot be used to construct simply 
connected 2-caUbrated foliations, since the pieces used in the process are Poisson 
but not 2-calibrated and the submanifolds do not have simply connected leaves (con- 
dition 2 in theorem\^. 

3. Generalized Dehn surgery 

The second surgery we want to introduce is done, unlike the normal connected 
sum, along a submanifold inside one of the leaves. 

Let (M, uj) be a 2-calibrated foliation. We orient M so that a positive transver- 
sal vector (w.r.t. the co-orientation) followed by a positive basis of the leaf w.r.t. 
to the Liouville volume form associated to w^r, gives a positive basis. Let us also 
assume that we have fixed a metric g on M. 

In all what follows our reference concerning generalized Dehn twists and sym- 
plectic monodromy is the first section of |37| , and our notation is mostly taken from 
there. 

Let T := T*S'^ and T(A) the subspace of cotangent vectors of length < A, and 

-u: T ^ M 

the length function. The cotangent bundle T carries a canonical symplectic struc- 
ture cJacanj for which the zero section T(0) C T is a lagrangian submanifold. 

Using the round metric to identify T*S" with TS", the hamiltonian flow of u^/2 
is seen to be the normalized geodesic flow. For time tt it can be extended over r(0) 
to a diffeomorphism 

The restriction of a to the zero section T(0) is the antipodal map. 
For any fixed A > 0, the time 27r hamiltonian flow of R{u), with i?: M ^ M a 
suitable function, gives rise to symplectomorphisms 

t:T^T 

supported in the interior T(A) (i.e. they are the identity near the boundary of T(A)). 
Any of them is called a model generalized Dehn twist. All them are isotopic through 
an isotopy in Symp'^°™P(T(A)), the group of symplectomorphisms of (T(A), dacan) 
supported in the interior of T{X). 

Let L be a parametrized lagrangian sphere, i.e. I: S" ^ {M,J-,uj), with L = 
1{S^) contained in one leaf and uj\l = 0. 

Let J-L denote the leaf containing L. There exists U a neighborhood of L in Tl 
and A > such that we can find an extension of l^^ : L ^ S" to a symplectomor- 
phism 

((7,c^^) -> (r(A),dacan) (11) 

Let us cut (M, !F, uj) open along U, so that we obtain two copies of it. According 
to the co-orientation, there is a negative one U~ and a positive one [/+ (the flow 
of a positive transversal vector field goes from the negative to the positive). 

Let L be a parametrized lagrangian sphere. If n = 1 assume that the L is a loop 
with trivial holonomy (this is granted for n > 1 by Reeb's stability theorem). 
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Definition 5. The generalized Dehn surgery of {M,J-,lu) along L is defined by 
cutting M open along U and then gluing hack via the composition 

X: {U-,ujjr) % {T{X),da,,^) A (T(A),daea„) ((7+,c^^), (12) 

where r is any choice of model generalized Dehn twist supported in T(A). 
We denote the corresponding manifold by . 

Proposition 2. M^, which carries and obvious foliation J- ^ , admits a 2- calibration 
uj^ which in principle depends on the pair (<P,t). If n > 1 then 

(1) uj^ is unique up to equivalence. 

(2) [uj] is integral if and only if [uj^] is integral. 

(3) TTjiM^) ^ TTj{M) and Hj{M^:Z) = i/j(M;Z), < j < n - 2. 

Proof. Let i? be a positive vector field in the kernel of uj defined in a neighborhood 
of U, and whose flow ip^^ preserves J-. Let e > small enough so that 

tp"' : [-e, e]xU — > M 

{t,x) ^ pf{x) (13) 

is an embedding. We introduce the following notation: 

C/(e) :-^^([-e,e] X [/), [/, ((7) 

U+{e) ^^([0,6] X [/), U-{t) ^^([-£,0] x U) (14) 

After cutting open U (e) along U we get two sets (e) , C/+ (e) . Once we glue 
using the identification y of eauationlT^we obtain U^{e) {(){}^U^{e) C Af^, 

which carries a vector field transversal to the induced foliation on (and 
preserving it). 

Since R preserves w and the foliation, the restriction of w to U^{e) and ?7+(e) 
defines closed 2-forms uo" and aj+ independent of the time coordinate. When we 
glue U~ to using x^ being this map a symplectomorphism, the forms uj~ and 
uj'^ descend to ?/^(e) to a 2-form uj^^ which is clearly closed. Then 

i __ fw in M^\U^{e) 
■~ \uj^ in U^{€) 

is a 2-calibration for JF^. 

To prove the uniqueness, let f be another model generalized Dehn twist and 
(M^,.F^,(D^) the 2-calibrated foliation constructed as above, but using f instead 
of r in equation 1121 By hypothesis, it gives rise to a identification 

x: {U- ,u;r) ^ {U+ ,u;r) 
which is isotopic to x- Hence we have 

[0,1] x [U,ur) ^ {U,u;r) 

such that 

• 5*4, t G [0, 1], is a compactly supported symplectomorphism. 

• = Id and = X ° X^^- 

Let (3: [0, 1] [0, 1] be a cut-off function of one variable with /3|[o,i/3] — and 

/3|[2/3,1] = 1- 

To define 0: {M^,T^,ujl) -> {M^,:F^,oj^) we identify Ut C U+{e), t e [0,e], 
with its image in Af ^ and AI^ and set 
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Id in M^XUteio,.] 



The map is a well defined diffeomorphism. It is a Poisson equivalence because 
it preserves the foliation and restricts to each leaf to a symplcctomorphism. 

When n > 1 the equality = [oj^] follows from general position arguments: 

let (5 > such that iy{L) ^ A/l(2(5). We can assume that the neighborhood U{e) 
used in the construction of (and M^) is contained in A/l(5). The images 
of 7Vl(^) in and are tubular neighborhoods of L C and L C 
respectively, which contract onto L. The cohomology classes [(j)*uj'^] and [uj^] can 
be evaluated over embedded surfaces, because dimAf > 5. These surfaces can be 
isotoped to avoid L C and L C respectively, and thus they can be arranged 
to avoid the image of JVl{S) in and respectively. Therefore the surfaces 
will be contained in the region where = uj = oj^. As a consequence, [uj^] is 

integral if and only if [lo] is so. 

Similar arguments show that the equivalence class of the 2-calibration does not 
depend either on the identification ip in equation II II because two such choices are 
isotopic by an isotopy supported in a compact neighborhood of the zero section, 
and this proves points 1 and 2. 

The equalities of homology and homotopy groups also follow from general posi- 
tion arguments. 

When n = 1 we conclude that the Poisson structure on the resulting taut foliation 
is unique. □ 

Remark 2. Recall that a "framed" lagrangian n-sphere is a parametrized n- 
sphere up to isotopy and the action of 0(n+l). Model generalized Dehn twists 
associated to two parametrizations defining the same "framed" lagrangian n-sphere 
are isotopic, the isotopy by symplectomorphisms supported in a compact neighbor- 
hood of the lagrangian sphere (remark 5.1 in |36j/ Therefore the generalized Dehn 
surgery is well defined for "framed" lagrangian spheres. 

Remark 3. We can use the flow of R to displace the lagrangian sphere L to 
a new lagrangian sphere L' in a nearby leaf. R follows that {M^ , ,lo^) and 
{M^ , , u}^ ) are equivalent. 

Remark 4. // we use instead of r its inverse, we get a new 2-calibrated foliation 
(M^ , J-^ , uj^ ) referred to as negative generalized Dehn surgery on L; observe 
that negative generalized Dehn surgery is generalized Dehn surgery for the opposite 
CO- orientation. R follows from remark^that generalized Dehn surgery along L fol- 
lowed by negative generalized Dehn surgery along L, yields the original 2-calibrated 
foliation. The composition in the oposite order is also the identity, so they are 
inverse of each other. 

3.1. Lagrangian surgery. It is possible to give a rather simple description of 
a (singular) foliated cobordism (Z, W) from (Af, JF) to {M^,!F). Moreover, the 
cobordism can be shown to be the attaching of a symplectic (n+l)-handle to the 
trivial cobordism M x [— The boundary component inherits a canonical 
structure of 2-calibrated foliation equivalent to the one coming from proposition |2| 
To show that we start by recalling the following result: 

Lemma 3. The normal bundle ^{L) of the parametrized lagrangian sphere L is 
trivial and carries a canonical framing fi^. 

Proof. The normal bundle inside the leaf is isomorphic to T*L. The full normal 
bundle i^{L) is isomorphic to M © T*L. Using the round metric in the sphere to 
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identify cotangent and tangent bundle we have 

where in the last isomorphism a positive generator of M is sent to the outward 
normal unit vector field. 

□ 

If we use the negative co-orientation we get a different framing — Let 

be the bundle maps that over each point of the sphere reflect the fiber along the 
hyperplane normal to the outward normal vector field and the vector field ei re- 
spectively (here R"+^ is trivialized by the basis ei,...,e„+i associated to some 
fixed coordinates). Then 

-Ml = A*L ° r-norm 

Observe that for a fixed orientation of the piece of (n-l-l)-handle to be attached, 
surgeries with framing /ii, and —fiL respectively yield oriented manifolds if we start 
form opposite orientations of M. To get an oriented manifolds starting from a 
fixed orientation of M, we have to reverse the orientation of say the handle we 
attacht when using the framing — ^l; this is equivalent to considering instead the 
framing /i^- —fiL ° ?'ei ■ Let A := rnorm o , which is (up to sign) the image of 
7r„(S'") in 7r„(S0(n-|- 1)) coming naturally from the long exact homotopy sequence 
of (SO(n-hl),SO(n)). 

By construction 

Ml- = Ml ° ^ (15) 

Remark 5. Let L be a loop with trivial holonomy inside a leaf of a co-oriented 
3- dimensional taut foliation {M^,T). Let R he a positively oriented vector field as 
in proposition Then the push out of L along the flow of R defines a canonical 
framing ^. The framing coming from lemma\^is /i— to, where m is the meridian. 

In dimension 3 it is a classical result of Lickorish )26| . that surgery on L with 
framing /xl ((-l)-surgery) is diffeomorphic to AI^ (a 2-dimensional model Dehn 
twist is a classical right-handed or positive Dehn twist). Gluing using a negative 
Dehn twist is equivalent to using the framing /i^- ((-l-l)-surgery). In dimension 2 
the bundle map A amounts to adding two meridians to the longitude, and equation 
El says of course that (-l-l)-framing is obtained by twisting twice in the positive 
direction and then composing with the (-l)-framing. 

Definition 6. Let L d M be a parametrized lagrangian sphere. Let Z be the 
cobordism which amounts to attaching to the trivial cobordism an (n+l)-handle 
along L with the canonical framing hl (resp. fJ^L-)- We refer to the component of 
dZ different from M as the result of performing lagrangian surgery along L with 
framing /i^ (or just lagrangian surgery along L), and we denote it by M^^ (resp. 
M^'L- ). 

Lickorish' result is known to extend to higher dimensions, i.e. the manifolds 
(resp. ) and M^^ (resp. M^^-^ are diffeomorphic (see remark [TUt . 

3.2. Cosymplectic structures and symplectic (n+l)-handles. In M^^ it is 

also possible to define a canonical 2-calibrated structure without using the afore- 
mentioned identification with and proposition[21 The strategy is the same used 
in contact geometry to show that surgeries on legendrian spheres give rise to new 
contact manifolds |41|. 
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Definition 7. A cosymplectic structure on M^"+^ is a pair a G rt^{M), lu G 
il^(M), da ^ duj ^ 0, and such that a A is a volume form. 

The Reeb vector field is the unique vector field R satisfying i^a — \, ij^LU — 0. 

Example 5. Let (P, 51) be a symplectic manifold. Let H <Z P be a hypersurface and 

Y a symplectic vector field transversal to H (Cy^ = The hypersurface inherits a 
cosymplectic structure {H,a,uj), where a is the closed 1-form iy^iH o-ndu) := i^\H' 
the annihilator of Y w.r.t. i7 integrates into a codimension one foliation V of P, 
which is by construction transversal to H . The foliation Kera is T>C]H . The leaves 
are symplectic because for each x G H , any subspace in Ann(y)^ supplementary to 

Y is symplectic. 

The vector field Y is defined in a neighborhood of H , and its flow can be used as 
in eauation \lS[ to give a product structure H x [—£,£]. 

The construction of example O can be reversed: 

Lemma 4. The cosymplectic structure (iJ, a, uj) together with the product structure 
H X [— e, e] determine completely the symplectic structure on H x [— e, e] . Changing 
the CO- orientation (i.e. taking —a) gives the opposite symplectic vector field. 

Proof. Let t be the coordinate of the interval. It is a simple calculation that 

n^uj + d{ta) 

□ 

A consequence of lemma 0] is the following result. 

Proposition 3. Let (Pqj ^0)7 (^"17 ^i) symplectic manifolds. Let LIq and Hi 

be hypersurfaces and ^07^1 symplectic vector fields transversal to them (defined 
in tubular neighborhoods), so that we have product structures Hq x [—£,£], LIi X 
[— e,e]. Let {Ho,J-'Q,uJo^ao), (iJi, J^i, wi, ai) be the induced cosymplectic structures 
as described in example\^ Suppose that 0: Hq Hi is a diffeomorphism such that 
(jfTi = J-Q, 4>*U}i = loq, 4>*ai = ao (an equivalence of cosymplectic structures). 
Then 

cpxid: {Ha x [-e, e], flo) ^ (i^i x [-e,e],ni) 
is a symplectomorphism. 

Let (P07 ^^0)7 (^'i7 ill) be symplectic manifolds. Let Hi C Pi be hypersurfaces and 
let Yi be symplectic vector fields transversal to the hypersurfaces. Let Li C Hi be 
parametrizated lagrangian spheres contained in a leaf of the induced cosymplectic 
structures. Fix symplectomorphisms of small tubular neighborhoods of the spheres 
in their corresponding leaves ipi'. 51i|[/.) — > (r(A), dacan)7 for some A > 0, ex- 
tending the given parametrizations of Li. Assuming n > 1 or a loop without 
holonomy if n = 1, we use the Reeb vector fields to canonically extend the sym- 
plectomorphisms to a (local) equivalence of cosymplectic structures. Proposition |3| 
gives a symplectomorphism 

w: iVo,Ho,Lo,no) ^ {Vi, Hi, Li^^i) (16) 

The hypersurface Hi splits Pi, i = 0, 1, into two manifolds with boundary P[^ 
and P^ , which contain the translates of Hi by the flow of Yi for negative and 
positive values respectively. 

Definition 8. The symplectic connected sum of {Pq, fio, ^^07 Yq) and {Pi, ili, Hi, Yi) 
along the parametrized lagrangian spheres Lq and Li is the result of gluing Pq with 
P^ along their boundaries using the collars described in example\^ The existence 
of the symplectomorphism vo implies that away from the points of d{Vo D Hq) C Hq 
(the corners), it carries a symplectic structure which only depends on the symplec- 
tomorphisms ipi'. (C/i,r2i|t/J (T(A), dacan)- 
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Proposition 4. Let (M, J-", w) be a 2-calihrated foliation and L a parametrized 
lagrangian sphere. Let Z he the cobordism which is the result of attaching to the 
trivial cobordism an (n+l)-handle along L with canonical framing fi^, and let M^^ 
the boundary component different from M . Then the cobordism admits symplectic 
structures that induce 2-calibrated structures on M^'^ (and the original one on M). 

Proof. We will realize the cobordism as the symplectic connected sum of two sym- 
plectic manifolds along parametrized lagrangian spheres. 

Step 1: Fix the appropriate structures in the trivial cobordism M x [— e,e], or 
rather in the region where the (n-l-l)-handle will be attached. 

Let v{L) = A/l((5), for some (5 > 0, be a small tubular neighborhood of L. We first 
lift the 2-calibrated foliation , a;|i^(i)) to a cosymplectic structure: let 

i? be a vector field defined in I'^L) which belongs to Kerw, with positive orientation, 
and whose flow preserves JF. Let a be the 1-form defined by the conditions Kera = 
J^, a{R) ~ 1. The triple (j/(L), a, ct;|^(2^)) is a cosymplectic structure -with Reeb 
vector field R- which lifts the original 2-calibrated foliation. 

We consider the tuple 

[P^M^.B^uY^) {y{L) x {-e^e^uj ^ d{ta),v[L) x {0},9/at) (17) 

The vector field Yq is symplectic in v(V) x [— e, e] (it is actually hamiltonian) 
and the induced cosymplectic structure on v[L) x {0} is the same already defined 
two paragraphs above (this is lemma 0J. 

Fix any symplectomorphism {U^ujjr) (r(A), dacan), A > 0, and U a neigh- 
borhood of L X {0} in _ffoi extending the given parametrization of L. This completes 
the needed data for the first summand. 

Step 2: Choose symplectic model for the (n-l-l)-handle, hypersurface, symplectic 
vector field, lagrangian sphere and identification with (T(A), rfacan)- 

Consider the complex Morse function 

h: C"+^ — > C 
(zi, . . . , Z„+l) I — > zf + ■ ■ ■ + zf^^i 

Let r^cn+i — da^n+i be the standard symplectic form in C"^"'^ {flcn+i — ^lg^2n+2). 
The fibers of h are symplectic submanifolds. Let T"h be the distribution of their 
tangent spaces (away from the critical point). Their symplectic orthogonals define 
a distribution by symplectic planes (a symplectic connection) away from the origin, 
the critical point of h. For any path 7 : [a, b] C* it defines parallel transport maps 
p^: h~^{-f{a)) h~^{j{b)) which are symplectomorphisms. For each z G C* , the 
sphere 

= {{^Xi,...,V^Xn+i) I xe 5" CK"+1} C h-\z) (18) 

is characterized as the subset of points of the fiber over z sent to the critical point by 
the parallel transport over the segment joining z with the origin; this is a lagrangian 
sphere. Denote by S the union of all these spheres and the origin. 
In lemma 1.10 |37| . Seidel describes a parametrization 

c"+^s ^ c X (r\r(o)) (19) 

which preserves the (exact) symplectic structures of the fibers; the map also parametrizes 
the whole fiber over the points (r, 0), r > 0. 

Let D{r) C = C be the closed disk of radius r, and r, 6 polar coordinates 
in the plane. For each r > 0, the counter-clockwise parallel transport over dD{r) 
defines a symplectomorphism 



PD{r) ■ h ^{r) h i(r) 
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Its conjugation by the parametrization 

ipr-='^\h-^ir)-h'\r)^T (20) 
defines a symplectomorphism 

Tr-.T 

which is the time 27r map of the hamihonian of Rr{u), 

Rrit)^\t'-\{t'+r^l2fl' (21) 

Fix any A > and W a small enough neighborhood of the origin in C""*"^. 
According to for any appropriate cut-off function g S C°°(M, R"*") it is possible 
to find C e Oi(C"+i) such that 

• C vanishes in W . 

• r^cn+i + dC is symplectic. 

• The restriction of ilcn+i and fic^+i + dC, to the fibers of h coincide. 

• For any r > the conjugation of by (p^ defines a symplectomorphism 

Tr-.T^T, (22) 

which is the time 27r of the hamiltonian flow of g{u)R{u). Therefore it is a 
model Dehn twist supported in T{\). 

For each r, A > the (n+l)-handle Pi will be a contractible subset of -to 
be defined- whose image by h contains D{r). The symplectic form is the restriction 
of 

+ en^{C'+^) (23) 

Fix e, To > and for each r e [— tq, 0)U(0, tq] let Vr{—e, e) be the vertical segment 
joining (r, — e) and (r, e). 

For r € (0,ro] let Hi^r (resp. i?^^) be h~^{vri-e,e)) (resp. /i"i(u_,.(-e, e))), a 
piece of which is going to be our hypersurface (resp. part of the new boundary of 
the cobordism). 

The 1-form q;c,»+i +(^ descends to each hypersurface Hi^r (resp. H^^ ), r G (0, ro] , 
to a 1-form a^, inducing thus an exact symplectic structure. We shall denote by 
ayr ,. the foliated 1-form, and also by ar the restriction of the 1-form to each of the 
symplectic leaves if there is no risk of confusion (sometimes we will add another 
subindex t parametrizing the spaces of leaves) . 

Let Imh: K^" ^ M be the imaginary part of h. We define Yi to be the hamil- 
tonian vector field in (IR^"+^, 17i) of —Imh. By construction, Yi belongs to the 
symplectic annihilator w.r.t fli of T^h, and h^,Yi{p) is an strictly negative multiple 
of d/dx; in fact Yi is the gradient vector field w.r.t. go = Jlcn+i (•, Jo-) of — Re/i 
(see lemma 1.13 in |SZ|)- Since the horizontal lines are transversal to u, (— e, e), Yi 
is transversal to Hi r (resp. H^^). Therefore Hi ^ (resp. -ff^^) inherits a cosym- 
plectic structure. Notice that the leaves of Ann(Yi)^i are of the horizontal 
lines. Thus the leaves of the induced cosymplectic structure on Hi r (resp. H^'^) 
are h^^ of the points of u, (— e, e) (resp. w_r(— e, e))- 

The parametrized lagrangian sphere in Hi r is S,. = y/rS" C ]R"+^, and the sym- 
plectic identification of a neighborhood of the sphere in its leaf with (r(A), dacan) 
is (fir in equation 1201 

Step 3: Select an (n-l-l)-handlc with the "appropriate shape". 

We want the (n-l-l)-handlc to be an appropriate subset Pi^r C (R^"+^, fic"+i + 
d() so that 
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• the symplectic connected sum along L C Hq and C Hi r, corresponds 
to the handle attaching along the parametrized lagragian sphere L with 
framing /j.^ and, 

• the boundary component of the cobordism M^'^ inherits the right 2-calibrated 
foliation. 

There is an induced local Reeb vector field i?,- on Hi ^ (resp. H^^). Let R'^ be 
the multiple of Rr such that h^,R'^ = d/dy, r e [— ro, 0) U (0, tq]. Notice that is 
a negative transversal vector field. 

Consider the subsets 



TriX) := 



(/9-i(r(A)) 0<r<ro 
(^-i(?^(A)\T(0))UE, -ro>r>0 



Define Tr{X, e) as in eauation ll4l where the flow is now given by i?,'^ in Hi r and 
in i?^^ . 

For r > let 

/. eC°°(T,(A,e)\S,,M+) (24) 
with the following properties: 

• The support of fr is contained in the interior of Tr{X, e). 

• ifi'-^^ sends Tr(5A/6,5e/6)\E^ into H^^^ . 

Consider the smooth surface 



^M..o :^<^('-''i(r^(A,e)\E,)uE_, (25) 

We define Pi^r to be the connected component of C"+^ bounded by H^^ '^ and 
Tr(A, e), and containing the origin. 

Observe that Pi^r is an (n+l)-handle (it is a thickening of Urg[-ro,ro]^r U {0}, 
the union of the critical point and stable and unstable manifolds of Reft-). By 
construction the symplectic connected sum is -from the point of view of differential 
topology- just attaching an (n-l-l)-handle to L with certain framing. The framing 
is the differential at S,- C Hi r of cj): (77i ,,,Sr) — > (i/(L),L), which is seen to be 
isotopic to fiL- Thus M{f^ := U M\Tr{X, e), the component different from M 

of dZ, is diffeomorphic to A/^. 

The hypersurface H!^^'^ is transversal to Yi and inherits a 2-calibrated fo- 
liation {T^^ , iol^^ ) , which is compatible with the induced 2-calibrated foliation 
on {M\supp{fr)) C M. Hence we get {M}^^ ,lu!^^), with {M!^^,T!^^) ^ 



Remark 6. Observe that instead of gluing the (n+l)-handle to the trivial cobor- 
dism, we can proceed the other way around. This amounts to reversing the co- 
orientation on {M,J-,uj), and hence considering in the (n-hl) -handle the opposite 
symplectic vector field Im(/i). Actually, we can do things in an equivalent way: 
in the (2n+2)-dimensional (n+l)-handle we can use as attaching sphere S_r in- 
stead ofTir, r > (and also choosing an appropriate shape for the handle). We 
go from the second point of view to the first by using the symplectic transforma- 
tion {zi, . . . , Zn+i) ^ {—izi, . . . , —izn+i). One checks that the new boundary is a 
2-calibrated foliation {M~t^^ ,J^~'^^ ,10^'^^ ) diffeomorphic to {-M^^ ) as co- 
oriented foliations. If {Mr"-' ,Tr''~ ^LOr"-') dcnotcs (M"'"^ , J^;-^^ , ) with the 
orientation reversed, then Mr^^ is obtained from M by surgery along L with fra- 
ming /i^- . 
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3.3. Poisson morphisms and extensions of exact Poisson isotopies near 
submanifolds with trivial first real cohomology group. In order to show 
that {M^^ is equivalent to {M^ ^T'" at least for r small enough, 

we need some preliminary results. 

Lemma 5. Let (P, f2) he a symplectic manifold, H a hypersurface, and Y a sym- 
plectic vector field transversal to H and f G C°°(M, R+). The hypersurfaces 
Ht := Lp{^ {H) are transversal to Y and hence inherit the structure {Ht,Tt,0Jt) 
of a 2- calibrated foliation. 

The diffeomorphisms ip{^ preserve the underlying Poisson structures. 

Proof. For all t the symplectic leaves of {Ht,Tt,oJt) are the intersection of Ht with 

the leaves of V, the distribution integrating Ann(F)^. 

The flow lines of fY are contained in therefore ip{^ : H ^ Ht sends T to Tf 
Let lod be the restriction of u) to the leaves of T). From dio — 0, Zy^ = and 

iytov = we deduce 

CfY^^-D = 

□ 

Let {M, JF, ut) be a 2-calibrated foliation (M possibly non-compact) with a rie- 
mannian metric g. Let L C M be a compact submanifold with H^{L;'R) = 0. 
Denote by J-l the leaf containing L. For any A > let Tl{X) be the tubular neigh- 
borhood of radius A in !Fl for the leaf metric. We say that A is admissible if Tl{\) 
is diffeomorphic to the normal bundle of L in Tl- Fix R any no- where vanishing 
vector field in Kertj. Since iJ^(i;R) = 0, by Thurston's stability theorem the 
foliation in a neighborhood of L is trivial. Therefore, it makes sense to ask R to 
preserve T. 

As in equation 1141 and for e > small enough, let 

ri(A,e) = ^^([-e,e] xri(A)) 

We say that A, e > are admissible if A is admissible and ^^\[_^^^t^^Tl(>.) ^ 
diffeomorphism. The neighborhood ri(A, e), for A, e > admissible, is endowed 
with a metric which is the result of restricting g to Tl(A), declaring R to be 
orthogonal to Tz,(A), and then pushing it by ipf 

We also have the annular regions 

Al{\ a') Tl{X)\Tl{\') , a > a' > 0, a admissible 

Al(A, A',e,e') rL(A, e)\TL(A', e') , A > A' > 0, e > e' > 0, A, e admissible 

There is a notion of exactness for Poisson structures and for Poisson morphism 
between exact Poisson manifolds. For regular Poisson structures (M, JF, lojt) with 
codimension one leaves and product foliation -as it will be the case for our lo- 
cal applications- it is equivalent to asking for the existence of a leafwise 1-form 
ajF such that djrajr — lojt. For two such Poisson manifolds a Poisson morphism 
(/): (Af, JF, djrOLjr) (M', JF', djnajri) is exact if for each leaf of T the cohomology 
class [ajr — (jfoLjr,^ is vanishing. 

Lemma 6. Let {M,J^,uj) and L as above, with lojt — djrcxjr exact. Let A',e' > 
admissible. Suppose Ti(A',e') M, s S [0,1], is a smooth isotopy with 
(f>Q — Id and (j)s an exact Poisson map that fixes each leaf setwise. Fix any A, e 
admissible with A > A' and e > e'. Then there exists a constant (5(A, A') such that 
if \4>s\c°(TL(\,f-),gR) — ^(A, A'), there exists an isotopy 

V's : M -> M 

such that: 
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(1) ^/^o = Id and ips *s a Poisson morphism fixing each leaf setwise. 

(2) The restriction of tps to Ti(A',e') equals 4>s- 

(3) The support of ips is contained in the interior ofTi^{X,e). 

Proof. This is a standard result for symplectic manifolds, i.e. for {J-L,ujyr) and 
e' = e = 0, whose proof we sketch. 

The first step is extending (j)^ to an isotopy 4>s with support in Tl{\) and <j)Q = Id; 
this is possible if (/)s{Tl{X')) is contained in the interior of Tl(A), which is granted 
by an apprpriate upper bound on the C'^-norm. 

From now on we restrict our attention to Tl{X). Let '.— 4'*s^i ols '■— 4'1'^ and 
(Ts := d/dsLOs. By hypothesis oj — da and [as — a] — Q in H^{Tl{\')). Therefore 
there exists a smooth family fg G C°°(T(A')) with as ~ a — dfs in Tl(A'). 

Extend fs to a smooth family Fs G C°°{Tl(X)) with support in the interior of 
Tl(A). Define 

f3s^-^ias-dFs)€n\TLiX)) 
ds 

By construction f3s is supported in the interior of Al{X,X') and dPs = "^s- We 
apply Moser's trick and consider : Tl{X) Tl(A) to be the isotopy associated 
to the vector fields of Zs defined by the equation 

iz.ujs = -Ps 
Then ^s '■= o </'s is the desired solution. 

In the case of a 2-calibrated manifold we proceed similarly. Let t be the parame- 
ter of the the interval [— e, e] . First fix an extension 0s with support in the interior 
of Ti(A, e). Its existence is granted by a bound on the C°-norm associated to ga; 
it is measured leafwise, and therefore the bound does not depend on e at all. 

Consider the leafwise 2-forms Wjf.s :— <j)*s^j^ (resp. 1-forms aj^ s := (/)*a;r). 
Rewrite them as the 2-parameter family ujs^t & ^^{Tl{X)) (resp. a^,* G r2^(Ti(A)). 
We apply the previous construction with the extra parameter t and the result 
follows; we only need to extend the functions /t,s G C°°{Tl{X')), t € [— e',e'], 
f^s = fs € C°°(ri(A',e')), to functions Fs € C°^\TL{X,e)) vanishing near the 
boundary. □ 

Lemma 7. If 4>s'- Al{X' , X" , e' , e") M is as in lemma\^ has small enough C"- 
norm andn > I, we can extend it to an isotopy by Poisson maps ips '■ ^l(A, A", e, e") — > 
M with support in the interior of TL{X,e). 

Proof. The only delicate point is constructing a smooth family fs G C°° {A l (A' ,X",e',e 
such that (plajr — ajr = dj^fs in Al(A', A", e', e"), because when we consider the pa- 
rameter t G [-e', e'], the domain is Ti(A') if t e [-e', -e"] U [e", e'], and ^l(A', A") 
if t S [— e",e"]. This construction is possible when n > \ because ^l(A',A") is 
connected. Then we can select a (finite) good cover U of ^l(A',A") and a (fi- 
nite) good cover V of Tl[X") (actually of a small enough tubular neighborhood of 
Tl{X")), such that the union {U, V} is a good cover of Tl{X'). Hence we can order 
the elements of lA so that a subset Ui has non-empty connected intersection with 
the union of the precedent ones; this ordering is extended to subsets of V with the 
same property, and we get an ordering -< of {ZY,V} such that U < V for every 
U G U, V G V. The subsets Ui x [-e',e'],y,- x [-e',~e"],Vj x [e",e'], for every 
Ui £ U,Vj £ V, are a good cover {U,V^,V+} of ^^(A', A", e', e"). It carries an 
induced ordering as the result of identifying {U,V} with {U,V^} and pushing the 
ordering -< to the latter, then identifying again V with and pushing the ordering 
of V, and finally declaring any element of {U, V^} to precede any element of . 
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By construction, any subset has non-empty connected intersection with the union 
of the precedent ones. 

The functions fs we look for are constructed using the (leafwise) Poincare lemma 
with an initial choice for the first subset of the ordered covering of Al{X' , A", e', e"). 

□ 

Remark 7. Suppose that we have C {Mr,J^r,dajr^^)^ Tl^{X), Rr, r g (0,ro], 
smooth families of embedded of suhmanifolds, tubular neighborhoods of them and 
tranverse vector fields as above, with a > admissible for all r. Let e > be also 
admissible for all r. With the aforementioned choices all submanifolds TL^(a,e) 
are canonically isomorphic. Construct the metric gn in (a, e) as shown at the 
beginning of this subsection, as use the isomorphism to transfer it to any TL^(a,e). 
Let 

be a smooth family of isotopies by exact Poisson morphisms, where the radius ej,, e" 
also vary smoothly (for example they can be an strictly monotone sequence converg- 
ing to zero, as it will be the case for our application). Assume that for any S > 
there exist r{6) such that 

l</'r-,s|cO(Ti^(A,£),g„) < ^ 

for all r < r(S). Then there exists r' such that for any r < r' we have 

V'.,.: ^L„(A,A",e,e;')^M 

an smooth extension by Poisson morphism of (f)r,s, with .support in the interior of 
v4i^(A, A", e, e") and with ?/'r,o = Id (here the smoothness is on s for each fixed r; 
we make no statement about the dependence on r of the extensions). 

This follows automatically from lemma^ Notice that after we use the natural 
identifications, the dependence on r only appears in and e", but this does not 
affect at all for the constant S{X, A') does not depend on them. 

3.4. Lagragian surgery equals generalized Dehn surgery. We start by prov- 
ing two preliminary lemmas that will allow us to apply the remark of the previous 
subsection. 

Let us go back to the symplectic (n-l-l)-handle. For each r e [— ro,0) U (0,ro] 
and for A > admissible we have defined neighborhoods Tr{X). Using the flow 
of R'^ we get for A, e > admissible the subsets Tr(A, e) and the annular regions 
Ar{X,X' ,e,e'), for A > A' > 0, e > e' > (the annular regions also defined for 
r = 0). 

According to the previous subsection the neighborhoods T'r(A, e)\^r carry a met- 
ric gn, coming from the canonical metric of (T(A),dacan) (defined by the round 
metric in S""). This metric does not depend on r. The restriction of the Euclidean 
metric defines another metric go (changing with r) . 

Lemma 8. 

(1) For any X,epsilon admissible and any A' > 0, A > A', the restriction of 
gn and go to Ar{X, X' , e,0) are comparable metrics, and the comparison 
constants do not depend on r. 

(2) Let f e C°°(C"+^\{0}), / > 0, such that h.JYi = -d/dx and define for 
r e [0, ro] 

Fr{X,X',e,0):^ \J ^{"^^ Ar{X, X' ,e,0) 
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Then there exist ri > such that for some C" > 

\\y\\ > C , in the closure of [j ^;(A,A',e,0) (26) 

T-G[0,ri] 

Proof Let / G C°°(C"+i\{0}), / > 0, such that hJYi = -d/dx. Observe that 
for some C > 0, 

||y|| > C, Vy in the closure of |J A,. (A, A') (27) 

re[-ro.r(,] 

Therefore the distance of the closure of lJre[-ro ro] -^ri^. A', e, 0) to the origin is 
strictly positive, and point 1 of the lemma follows. 

Point 2 is a consequence of equation 123 □ 

For any z € D(ro), let denote the restriction to the 1-form a^ji+i + ^ to the 
symplectic fiber h~^{z). We recall the following standard result: 

Lemma 9. Let 7 C D{ro) he any immersed curve avoiding the origin and let p~f 
denote the parallel transport w.r.t Q^n+i + d(^ along 7. Then if n > 1 

PY- (/i-i(7(0)),d«^(o)) -> (/i-i(7(l)),da^(i)) 

is an exact symplectomorphism. 

If"/ crosses through the origin (only once, say) then away from lagrangian spheres 

Pi - (/i"^(7(0))\S^(o),rfa7(o)) {h^^{lW)\^i{i),da^(i)) 
is an exact symplectomorphism. 

Let L C (M, J-', uj) be a parametrized lagrangian sphere. Extend it to a symplec- 
tomorphism 

^: (C/,w^)^(T(A),dacan) (28) 
and perform the lagrangian surgery to obtain the 2-calibrated foliations (A/,^'^ , JF^^ , cu 
for r e (0, ro] and for some A > 0. 

Let (M^, J^^, w^) be the result of performing generalized Dehn surgery with the 
fixed identification ip of equation 1281 and using a model Dehn twist supported in 
the interior of r(A/7). 

Theorem 3. Under the assumption n > I, there exists r' > such that for all 
r e (0,r'] we have equivalences of 2-calibrated foliations 

^r-. (Af^,.F^,c^^) ^ (M,^^.f,^^<-) (29) 

Proof. For all r £ (0, rg] small enough we will construct an exhaustion W'^ C C 
C = by open sets, and define </>r in four stages by extending it from 
one subset of the exhaustion to the following one. 

From now on we assume that we work in the symplectic (n+l)-handle and use 
the notation of proposition^ 

Stage 1. Let Tr(A,e) C {M,T,uj). Its complement {M,T,oj)\Tr{X,e) can be 
seen as a subset of both (M, u) and (M^^ , J^i^^ , c^^^f^ )• 

A subset of M^!'^ is the image of ^r(A, 5A/6, e, 5e/6) by time one flow of the 
vector field frYi , where fr is the function of equation 1241 

Our first subset is := M\rr(5A/6, 5e/6), where we define 

fid in M\Tr{\e) 
~ I'y'f^' in ^r(A,5A/6,e,5e/6) 
By lemma 121 this diffeomorphism preserves the Poisson structures. 
Stage 2. For any r e [0, tq] fix a function : [— e, e] [— e, e] such that 
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smooth in both variables (r, t) . 

• Kri—t) = —Kr{t) and Kr IS monotone increasing. 

• — 0, with 6^ smooth and converging to zero when r \ (so 
«o = 0).' 

Let ht{c,d) denote the horizontal segment joining the points {c,t) with {d,t). 
Consider the function 

^r-- {Ar{X,0,e,€r),dajr^r) — > (i?^^^ , 

where y belongs to the t-leaf of Ar{X, 0, e, e^), t G [—e, e]. By lemma|31it is an exact 
Poisson morphism. 

Let Wr := Wr U ^,.(5A/6, A/2, 5er/6, 5er/6). Our aim is to find another Poisson 
morphism in Wr extending (j)r and the restriction of cpr to Ar{2X/3, A/2, 2er, 36^/2), 
and we will do it by applying remark d 

To connect (pr and (j)r by an isotopy of exact Poisson morphism, just notice that 
(j)r is defined as in equation QUI but using Kr = Id. 

Therefore if we interpolate smoothly between both functions by monotone in- 
creasing functions k^^s, we obtain 

(br,s:Ar{X,0,e,er)^Hi^'-° 

with (prfi = 0rj 4'r,l = 4'r ■ 

Define the exact Poisson morphisms 



ar,s (l^r^ ° 4>r,s ■ (^r(2A/3, A/2, 26^, 36^/2) , da jF^r) ~* (T'r(A, e), dajr r) 

Notice that equation [SB] implies that the parallel transport involved in the defi- 
nition of (jjr^s occurs away from a neighborhood of the critical point. Therefore, by 
shrink the length of the curves in C over which we translate, i.e. by making r (and 
hence e^) small enough, we can make \ \y — 0r,t(j/)|| arbitrarily small. Thus for any 
(5 > a constant r'{d) > exists such that for every r < r' we have 

||^r,.(y)-y|| <S, y e A(2A/3,A/2,2e,,3e,/2) 
Notice that ||(Tr,s(2/) ^ 2/|| \'^r,siy)\co,go- point 1 in lemma|Slwe have 

\^r,s\c«,gR < C"6, 

for some C" independent of r, and therefore we are in the hypothesis of remark[7| 
Let 

■^r^s ■■ Ar{5X/6, A/2, 5e/6, 36^/2) ^ A^(5A/6, A/2, 5e/6, e^) 
be the isotopy furnished by the aforementioned remark. Then 

^r,s := 0r o 4>r,s : (A,(5A/6, A/2, 5e/6, 3e,/2), da^,,) (M,^^'*', da^,„.) 

is an isotopy of Poisson morphism and (f>r_i interpolates between 0^ and (j)r. The 
map 

C^r^h (31) 

\(l)rs in A^(5A/6,A/2,5e/6,3er/2) 

is a well defined Poisson morphism. 

Stage 3. Extend to := U A(A/2, A/6, 36^/2, e^). 
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Consider the arcs 

dD+{t,r) := {(0, t) + re*^ | < 6* < tt} 
dD-{t,r) {(0, t) + re'^ | > 6* > -tt} 

Define a new exact Poisson morphism 

y I — > Pt)_,(K,(t),t) ° PaD+(K,,(t).r) ° Pt).(t,K,(t))(y)(32) 

where y belongs to the <-leaf (/jf''' (T,.(A/2)) and t > 0. For t-leafs with i < we 

define using PgD-(^^(^t).r) instead of PgD+i^^^(t),r)- 
Let 




0+ in T+(A/2,2e,) 
0- in T-(A/2,2e,) 



We claim that its restriction to Ar{X/2, A/6, 2er, e^) is well defined and smooth. 
For t e [— Cr, Er] wc usc the rescaled local Reeb vector fields to see both 0+ and 
as a family of maps , 0"^ : ^r.(A/2, A/6) ^ T_r(A). 

Since the functions Kr shrink the intervals [—6^,0] and [0,6^] to the origin, the 
two aforementioned families of maps do not depend on t. Therefore (jjr is well 
defined and smooth if and only if 

0+o = 0.:oinA(A/2,A/6) (33) 

By construction {4>r,o)~^ °'t'r.Q — PdD{r)^ ^-nd the generalized Dehn twist we chose 
Tr = (fir ° PdD(r) ° Vr^ ■ ^ support in T{X/7), and hence equation 

E21 holds. 

We need to connect <j)r and ipr in eauation l41l in the annular region Ar{X/2, A/6, 2e,., e^), 
and this is done using the families 

: (A(A/2, A/6, 2e„ e,), rfa^^,) {H^^ \ da^,_.) (34) 
defined by the rule 

for y in the i-leaf, t >0, and (p'^^ (using Pgo- (K,,.(t),sr)) fo'^ negative values of t. 
We claim that 

^ in A(A/2,A/6,2e„e,) 

■ \^r,s in A(A/2,A/6,2e,,e,) 
is a well defined smooth isotopy by exact Poisson morphisms. We start by checking 
that 4)r,s is well defined (and smooth) for each s G [0, 1]. As before, we use the local 
vector fields i?'. to see each Poisson morphism as a family ^ and ^ , which 
for the same reasons do not depend on t. 
The equality 

<.,o = '/'.:.,o in A (A/2, A/6) 

is equivalent to 

Pho(-r-sr) ° 0,ts,O ° Pho{sr,r) = Pho(-r-sr) ° 0^s,O ° Pho(sr,r) in ^sr(A/2, A/6) (35) 

If we compose with the the inverse of the r.h.s, then 1351 transforms into 

Id = PdD{sr) in ^s-r(A/2, A/6), 

which holds because again the support of T^r is contained in T(A/7). 
Lemma implies that each (pr^s is an exact Poisson morphism. 
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The smoothness of 0^^^ is not straightforward when s — 0, but it holds because 
of the smoothness of the family dD^{sr) in s. We start by observing that since 
for small values of t the families (p^^ ^ and (f)'^ ^ j are constant in t and equal, the 
smoothness follows from the smoothness of both (/>^s ^ and j. 

Let X := d/dx, Y := d/dy and Qt =: xdy — {y — t)dx, t € M., vector fields on 

Let X,Y,et e X(C"+i\{0}) be their horizontal lifts w.r.t. f^^+i + ^^C- The 
flows (fif , (fiY , (fif* are smooth (in t,l). One checks 

<Pt,siy) = ° 'P{l-s)r ° V??"'*" ° flZs)r ° "^r^^^ (t) ' (36) 

and this proves the claim. 

Thus for small enough values of r we get : Ar{\/2, A/6, 36^/2, e^) ^ 
matching 1/)^ in Ar(A2, A/6, 2er, Cr), and such that 



(37) 



^ in 
' l^r,! in A^(A/2, A/6, 36^/2, e^) 
is a Poisson morphism. 

Stage 4: Cut open and extend to (M^,T^,uj^). 

Let (M°P™ g^,J^°P™,w°P™) the result of cutting M open along Tr(A/6). We 
have M°P™/g) = W2 u T+(A/6, e,) U r-(A/6, e,) 
Consider the map 



/open _ 



in 

in T+(A/6,e,) 
in T^(A/6, er) 

Equation 1371 implies that 0°?''" is a well defined Poisson Morphism. Recall that 
if we use the local Reeb vector fields R'^, which have negative co- orientation^ the 

maps and (f>~f are independent of i, and (07o) ° %-o — PdD(r)- 
By construction 

(M°P\"/g),.F°P™,c.°P-)/r+(A/6) ~ pa^(,)(T-(A/6)) - (Af^.F^o.^), 

where the Poisson equivalence uses the fact that (A/^, J^^, w^) does not depend 
either on the generalized Dehn twist r^, r S (0,ro], or in the parametrization Lpr of 
equation!^ 

Therefore (pr ■ ^t'(\/g) ~^ descends to a Poisson equivalence 

■■ {Mit- , .F^'- , ) ^ ( A/^ .F^ , C.^ ) 
and the theorem is proven. 

By the general position arguments used in proposition|21 since n> 1 this Poisson 
equivalence is an equivalence of 2-calibrated foliations. □ 

Remark 8. Similarly, for n > \ and every r > small enough one constructs 
equivalences 

0,: (M-'^^.f-^^c^-^-) -> (-M^",.F^^c^^") 

Let f2 be a symplectic form defined in a small (contractible) neighborhood of the 
origin, such that il(0) is of type (1,1) and positive (Kahler at the origin). Then 
i7 is compatible with the function h, meaning that the fibers of h are symplectic 
w.r.t. (perhaps in a smaller neighborhood of the origin). Moreover, if r2,f2' 
are two such symplectic forms, then its convex combination defines a family fit, 
t £ [0,1], of symplectic forms compatible with h -because all are Kahler at the 
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origin- connecting the given ones. Whenever we have such a family, being the 
neighborhood W contractible, we will fix at G il^{W) a smooth family such that 

duf = r^t- 

We claim that lagrangian surgery can be defined using any symplectic form fl 
Kahler at the origin. 

Lemma 10. Let fit, t (z [0, 1] be a family of (perhaps local) symplectic forms Kahler 
at the origin. Let Y^^ G X(VF\{0}) he the hamiltonian w.r.t. fit of —Imh. 

(1) is a section o/Ann(F)^*. 

(2) /i*yht strictly negative multiple of d/dx. 

(3) has a non- degenerate singularity at the origin with n+1 positive eigen- 
values and n+1 negative eigenvalues. 

(4) For each z € C\{0} we have lagrangian spheres S^f.^ C h~^{z) character- 
ized as the set of points contracting into the critical point by the parallel 
transport over the radial segments; the spheres come with a parametriza- 
tion up to isotopy and the action of O(n-hl) (they are 'framed") that can 
he chosen smoothly on t. More generally, for each z and 7 an embedded 
curve joining z and the origin, the points over z sent to the origin by paral- 
lel transport over 7 are lagrangian spheres which depend smoothly on both 
t and 7. 

Proof. This a generalization of lemma 1.13 in |H7| for local symplectic forms which 
are not Kahler but at the origin. 

Points 1,2,3 are a straightforward calculation. 

Point 3 implies that Yq_^ is a smooth family of hyperbolic vector fields. Point 
2 implies that /i~^(ft,o(0, r)) is an open neighborhood of in the stable manifolds 
W(XQ.t)- The stable manifold theorem with parameters (see where the proof 
is seen to depend smoothly on parameters) gives parametrizations 

of the aforementioned neighborhoods. In particular Sn^^r, r > 0, are smooth 
spheres, and their parametrizations 

It : S*" Sot,r (38) 

induced by are unique up to isotopy and the action of O(n-l-l) (the latter 
associated to the choice of an orthonormal basis of the tangent space of (Xnt ) 
at the origin). 

That Snt,z are lagrangian follow from point 2, exactly as in the proof of lemma 
1.13 in ISZI- 

The result for any other point z and the radial segment joining it to the origin, 
or more generally a curve 7 joining it to the origin, follows from the previous ideas 
applied to the hamiltonian of — Im(F o h), where F: C ^ C is a diffeomorphism 
fixing the origin which sends 7 to [0, ro], for some rg > 0. The smooth dependence 
on 7 follows from choosing diffcomorphisms with the same smooth dependence. 

□ 

For some fixed small enough we extend 

It'. ^ ^Ot,ro 

to a smooth family of symplectic parametrizations 
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We push it over the origin by Pn^^ho{ro,o) "the parallel transport w.r.t. fit over the 
horizontal segment /lo(fOjO)- and extend it over D{ro) by using the radial parallel 
transport again, giving rise to 

$[04]-' : (C X (r\T(0)) X [0, 1] ^ C"+i\ |J S^,,. (39) 

z<£D{ro) 

which extends (also smoothly) to T for fibers over (r, 0), r > 0. ft restricts for each 
t G [0, 1] to a diffeomorphism $t, whose restriction to each fiber over z G C is a 
symplectomorphism (f^_l. 

We cannot in principle define the inverse of $t"^ for all t in a fixed domain, 
because the subsets UzeS(ro) ^sif,^ vary with t. For z in a fixed line through the 
origin, the corresponding lagrangian spheres together with the origin are the union 
of the stable and unstable manifold for the hamiltonian of — Im(F o h), where F is 
the rotation of angle 9. Lemma [1171 gives smooth dependence on both t and 9. 

Therefore, for any neighborhood Wi of the origin there exists r' > such that 
UzG£i(r-') ^f2t,z C Wi for all t. Hence, for any fixed A > and by shrinking W if 
necessary we get 

$[04] : {W\Wi) X [0, 1] -> D{r') x A{X, A/7) 

such that $t = ($t~') ^ ■ 

Another consequence of the smooth dependence on t of the constructions is that 
lemma IHl holds for all t: for any fixed A, A' > 0, if A is small enough it is admissible 
for all t, and the metrics go and in At,r{X^ A', e, 0) are comparable, the comparison 
constant being independent of t and r e [—r',r']. It is also true that the closure 
of the subset UtG[o i] ^t.ri^, ^' , £,0) -defined as in lemma (SJ- is at strictly positive 
distance of the origin. 

Now fix f2 any symplectic form Kahler at the origin. The previous construction 
without parameter gives us for r' small enough a parametrization 

$: C"+i\S ^ £>(/) X T\r(0), 

where S is the union of the lagrangian spheres associated to the radial parallel 
transport. This construction restricts for each r G (0, r'] to a symplectomorphism 

ifir-. (K^ n W,n^^-l^^) ^ (T(A),dacan) 

These are the necessary ingredients to make proposition 0] work but using the 
symplectic form instead of fic"+i + d(^- Therefore, for all r > small enough we 
get 2-calibrated foUations (Mq^^, ^n?;' '^nfr)- 

With these preliminary results we can now prove the main theorem of this sub- 
section. 

Theorem 4. For any symplectic form D, Kahler at the origin, and under the as- 
sumption n > I and A > small enough, there exists r" > such that for all 
r € (0,r"] we have equivalences of 2-calibrated foliations 

(Pr : {M\T\ Lu^) ^ {M^';^, Tt,^,, <J (40) 

Proof. The proof is a modification of the proof of theorem O 

We use the symplectic (n+l)-handle associated to and repeat stage 1 word by 
word. 

Let = in + {I — l){il£n+i + dC), / e [0, 1]. In stage 2 the Poisson equivalence 
is extended to 

^r=h (41) 

\<j)r in A(5A/6,A/2,5e/6,3er/2) 



28 



D. MARTfNEZ TORRES 



whose definition for y in a i-leaf with t € [~er, fr] is 

Consider /3,.: [-6^,6^] [0, 1] with Pri-t) = I3r{t), /3r|[0,e,/3] = 0> /?r|[2e,/3,e,] = 

1. For each y in a t-leaf with i e [— Cr, Cr] define the map 

The difference is that we make the parahel transport along the horizontal segment 
w.r.t. a different symplectic form (and to do that wc change the parametrization 
at h-^(r) and h-\-r)). 

In order to modify ipr so that in the <- leaves with i G [— Cr, Cr] is the map of 
equation 1421 we observe that 4>r admits the same description but using instead of 
the function /3j., the function which equals 1 everywhere. Therefore, by connecting 
these two functions with a suitable family we get a family of maps (j)r,s- 

A consequence of the validity of lemma |S1 for all Vli uniformly on /, is that the 
reparametrizations ip~^^ ^ o ipi^^ and ipi], o (p^^ s{t),r have C'^-norm w.r.t. gn that 
decreases arbitrarily with r (and the same happens with pQ^^ ^^^^ ho(-r r) )■ Moreover, 
since H^{Tr{X);M.) = iJ^(r_.r(A); K) = they are exact symplectomorphisms and 
also their restriction to the corresponding annuli (and the maps pn^ ^ ^) 
are also exact symplectomorphisms because lemma |3 equally holds for arbitrary 
symplectic forms Kahler at the origin). Thus the maps (j)s,r are exact Poisson 
morphisms and we can apply remark[71to obtain the desired Poisson morphism. 

We repeat stage 3 in theorem |3 with a similar modification: there we used 
families of maps which on t-leaves with t e [0, e^] (resp. [— e^, 0]) defined by 

y ^ Pni.v-r.iQ,t} ° Pn^ + o POi,i,,(t.o), 

where pa , is parallel translation w.r.t. f2i over a curve , joining the points 

(r, 0) and (— 0) (for negative i-leaves we use Jr,s,t)- 
We use instead 

y ^ POi.D_,(0,i) ° Vl^r ° V0rs{t),r ° Pn^ + O (t) r ° Vi.r ° PnuVr{t.O) 

Since parallel transport in the 0-leaf is made w.r.t Qq, we conclude as in theorem 
13 that our maps are well defined regardless the curve q or 7"^, q chosen in the 
definition. We can equally apply remark |7| to conclude the existence of the desired 
perturbation. 

Finally step 4 is the same as in theorem 01 and this concludes the proof. 

□ 

Remark 9. We equally get equivalences 

Remark 10. Notice that theorem^ gives easily the higher dimensional analog of 
Lickorish' result. Let L be any parametrized n-sphere in a manifold Af^"+^ with 
trivial normal bundle and framing p. Surgery on (L, p) has an alternative descrip- 
tion: the framing furnishes an identification i^{L) ~ K."^ |g„, which is canoni- 
cally isomorphic to K. © T*S^^. The total space of this bundle gives a structure 
of 2- calibrated foliation in v{L), and by proposition^ lagrangian surgery amounts 
to attaching an (n+l)-handle to the trivial cobordism along L and with framing 
p. Theorem ^ now implies that surgery on (L, p) amounts to cut M open along 
{0} X T* L C i^(i) and glue back by a generalized Dehn twist. 
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Observe also that according to proposition 6.1 in IHl, surgeries with framings p 
and po A give always diffemorphic manifolds only in dimensions 2 and 6 (see also 
|24j for a sharper result on the period of in DiS'^°™^ (T* S"^) , for n even). 

3.5. Legendrian surgery, open book decompositions and generalized Dehn 
surgery. Let ^ be an exact contact structure on M, and a a 1-form with ^ = Kera. 

Recall that an open book decomposition for M is given by a pair {K, 9) such 
that 

• is a codimension 2 submanifold with trivial normal bundle, the binding^ 

• 9 : M\K — > 5^ is a submersion (i.e. a fibration) such that in a trivialization 

X K oi a. neighborhood of if, it coincides with the angular coordinate. 

Let F denote the closure of any fixed leaf. The return map associated to a 
suitable lift of d/d9 to M\K, defines a diffeomorphism of F (unique up to isotopy) 
supported away from a neighborhood of dF = K. 

M -up to diffeomorphism- can be recovered out of F and the return map. 

The following discussion is mostly taken from |13| : 

Definition 9. The contact structure ^ is supported by an open hook decomposition 
{K,9) if for a choice of contact form a we have: 

(1) a restricts to K to a contact form. 

(2) da restricts to each leaf to an exact symplectic structure. 

(3) The orientation of K as the boundary of each symplectic leaf matches the 
natural orientation induced by the contact form. 

The form a is then adapted to the open hook {K, 9) . 

If a and fa , f e C°°{M), / > are both adapted to {K,9), then a fixed 
leaf inherits different exact and convex at infinity symplectic structures (i.e there 
exists a Liouville vector field defined in F an transversal near dF to its translates 
associated to any product structure near the boundary), but the completion is 
unique up to isotopy. 

For a a contact form adapted to {K,9), the Reeb vector field is necessarily 
tangent to K . Then its flow defines a first return map ip g Symp(/", Q), where O 
is the symplectic structure induced by da in F. Moreover, it is possible to choose 
a' = fa, with / = 1 away from any fixed neighborhood of K, so that its monodromy 
is compactly supported. 

Assume that we are now given a closed exact symplectic manifold {F, Q) convex 
at infinity (the symplectic structure is also defined in the boundary). Then for any 
If e Symp'^°™P(F, il), in the obvious closed manifold it is possible to construct a 
contact structure ^ supported by the obvious open book HO'. Moreover, if we have 
two contact structures and ^' supported by the same open book and the inducing 
on a leaf exact symplectic structures convex at infinity with isotopic completions, 
then the contact structures are isotopic ^1 E] • 

Therefore, up to isotopy, (M, ^) is totally determined by any open book sup- 
porting it (i.e. by the completion of the structure of exact symplectic manifold 
convex at infinity of a leaf, together with the return symplectomorphism which is 
the identity near the boundary). 

The previous result become relevant in light of the following 

Theorem 5. |12lll3j For every exact contact manifold (Af, ^) and any contact form 
representing a, there exist an open hook {K, 9) supporting ^ such that a is adapted 
to it. 

What is more important Giroux and Mohsen announce that for a fixed con- 
tact structure, any two compatible open book of certain class (those coming from 
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approximately holomorphic geometry constructions) are related by an operation 
called positive stabilization. 

Other result announced in [T^ and which has to do with fillability of contact 
structures is the following: let (M, a) so that the contact form is adapted to the 
open book (if, 9), and let L be a parametrized legendrian sphere which is contained 
in a leaf (and hence it becomes lagrangian for the symplectic structure da in the 
leaf). Let (M^, a^) be the result of performing legendrian contact surgery along L 

m 

Notice that away from the binding K, the open book inherits a 2-calibrated 
structure {M\K , , da) , J-g — Keidd. Then we can perform generalized Dehn 
surgery along L, obtaining a new open book decomposition (on a new manifold) 
whose return map is o (p^^, with ip the return map associated to [M^a, K,6) 
and tl a generalized Dehn twist along L. 

The result is that the unique contact structure supported by the new open book 
decomposition is {M^,a^). 

The ideas developed relating lagrangian surgery and generalized Dehn surgery 
allow us to give a very natural proof of the aforementioned result. 

More precisely, very much as we saw for lagrangian framings in subsection 18.41 
given a parametrized legendrian sphere L in (M, a) we have two contact surgeries: 
we can consider the symplectization of (M, a) and attach a symplectic handle to 
the convex end to obtain {M^,a'"). A symplectic handle can also be attached to 
the concave end obtaining thus a contact manifold (M^ ,a^ ) as the concave end 
of the corresponding symplectic cobordism (with orientation matching the original 
one of M in the common piece). 

Theorem 6. Given V any small enough neighborhood of L, with LCl K = there 
exists an isotopy : M — > M , t £ [0, 1], starting at the identity and such that 

• \l/t is supported in V and tangent to the identity at L. 

• {V,J^g^,da), with Tg^ :— "^t^J^e, is a 2-calibrated foliation, and thus the 
contact form a is adapted to {Kj'^t*^). 

• The contact form a^ € ri^(M^) is adapted to the open book {K,9i), where 
{M\K,J^gL,da^) is (equivalent to) the result of performing generalized 
Dehn surgery on {M\K,!Fg-^,da) along L. 

Proof. We sketch the main ideas. 

We consider (M x [— 1, 1], ci(e*a)), (a piece of) the symplectization of (M, a). 
The tuple [M x [-1, 1], d(e*a), M x {0},L x {0}) is an isotropic setup in 
the language of Weinstein jljj (actually the notion of Liouville vector field we use 
differs from that of Weinstein, for we require its flow to exponentially expand the 
symplectic form). 

The second isotropic setup is the one of the (n+l)-handle to be attached, which 
is almost the one described in 01]; we change the end along which the handle is 
glued, and also the Liouville vector field that has to make it concave. We also use 
the notation of proposition^ 

The symplectic form is f^cn+i. Consider the function 

n+l 
i=l 

Its negative gradient (w.r.t. the Euclidean metric) 
is a Liouville vector field. 
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For each r > consider the hypersurface q'^^ir), which contains the lagrangian 
sphere (which is also legendrian w.r.t az ■— jz^^C"+0- Let V{r, e) be the tubular 
neighborhood or radius e > of in Recall that Yi is the hamiltonian of 

— Re/i w.r.t. ricrz+i. Notice that dq{Yi) < 0, and therefore Yi is transversal to the 
level hypersurfaces of q. 

We claim that for any e' > 0, e > e', we have /,. £ C°°{V{r, e)\Sr, K^) a cut-off 
function with compact support, with 

• (^{''^^ (y(r, e)) is transversal to Z. 

Once we assume that, we define A/,^'° (^{'■^^^(r, e)\S^) U S_^. The LiouviUe 
vector field Z is transversal to Af,^'", and thus the hypersurface inherits an exact 
contact structure az- 

Our symplectic (n+l)-handlc is the compact region bounded by Af^'° and V{r, e). 
The LiouviUe vector field is Z, the hypersurface V{r, e) and the parametrized 
legendrian sphere. 

The symplectic morphism that defines the legendrian surgery |41j sends (V{r, e), 
to {v{L), L, a), so we can consider {V(r, e), E^, a^) as a subset of (v{L), L, a). Then 
:= M^'" U {M\{K U V{r^ e))) carries and obvious contact structure which 
restricts to {M\{K U V{r, e)), a). 

Notice that since both Af,^'° and V{r,e) are transversal to Yi, they inherit 2- 
calibrated fohations (A/^'°, J^^, w^) and {V{r, e),Tr,da). Theorem ^easily implies 
that (A/,^'°, J^,^, cj^) is the generalized Dehn surgery of (y(r, e), J^^, rfa) along E^. 

In V{r, e) we have two structures of 2-calibrated foliation, (J>, da) and , da). 
Since both are fibrations transversal to the Reeb vector field , we can use its tra- 
jectories to find the desired isotopy (where the neighborhood V in the statement of 
the theorem will be a small neighborhood of E^ contained in V{r, e)). 

The claim about the existence of the function fr is easily proven when n — I, 
by inspecting the trajectories of both Z and Y. The general case can be reduced 
to the previous one: each point {xi, yi, . . . , Xn+i, Vn+i) in C"+^ and away from the 
ascending and descending submanifolds and the critical point (these are the same 
for both morse functions Re/i and q), determines [xi : ■ ■ ■ : Xn+i], [yi : ■ ■ ■ : Un+i] a 
point in RP" x MP", which gives rise to two lines in R"+-'^ and i]R"+-'^ respectively. 
These lines span a plane in C"^-^ — ]R0iR"+^. Each plane in the family is preserved 
by both flows; moreover, they restrict to the planes to the flows of the 1-dimensional 
case. From this observation the claim follows easily. □ 

Therefore, if after the small isotopy of the previous theorem we get an open 
book (that we still denote by {K,0)) whose monodromy is <p € Symp(_F', da), then 
(A/^, a^) is adapted to an open book with the same symplectic leaf and monodromy 
tlo If £ Symp(F, da). 

Similarly, if we attach a symplectic handle to the concave end of the symplec- 
tization we get the contact manifold {M^ , a^ ) adapted to an open book whose 
monodromy is Lp o tJ^^ . 

Observe that remark [TUI implies that in dimensions 5 and 13 (n=2,6) the mani- 
folds and Af^ are diffeomorphic. In 25 it is shown that there are instances 
(coming from Brieskorn manifolds) in which {M^,a^) and {M^ ,a^ ) are not 
contactomorphic, and hence the authors can deduce that is not isotopic to the 
identity in Symp™'"P(T*5'^ dttcan), a resuh already proven by Seidel for n=2 
(similar results are also drawn for powers of the Dehn twists known to be isotopic 
to the identity in Diff'=°'"P(T(A)), for aU n even). 

For any contact form a representing the given contact structure and L a leg- 
endrian submanifold, Giroux and Mohsen announce ^21 the existence of relative 
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open books, i.e. a adapted to the open book and L contained in a leaf (the inter- 
ested reader famihar with approximately holomorphic geometry ^ and its version 
for contact manifolds |2;^l KMj can write a proof along the following lines: the open 
book is the result of pulling back the canonical open book decomposition of C by an 
approximately holomorphic function. To make sure the binding does not contain L, 
one uses reference sections supported in L which achieve the value 1 when restricted 
to L; they come from an explicit formula once we identify a tubular neighbourhood 
of L with (i/^i,acan)- One further adds perturbations whose restriction to L at- 
tain real values: they are such that its restriction to T*L x {0} C J^L are small 
real multiples (this is always possible, according to the local perturbation theorem 
of 12) of reference sections equivariant w.r.t. the involution on (i/^,acan) which 
reverses the sign of the fiber and conjugation on C). 

Therefore we conclude that lagrangian surgery includes legendrian surgery, for we 
can bypass the latter by choosing appropriate compatible open book decompositions 
and then performing lagrangian surgery. According to theorem^we can even claim 
that generalized Dehn surgery contains legendrian surgery, and forget about the 
cobordisms. 

Actually, the reason why generalized Dehn surgeries for open books supporting 
the contact structure give the same contact manifold, is because there is a contact 
surgery behind. Now consider (L, x) where L is a legendian submanifold of {M^ , a) 
and X S Symp'^°™P(r*L, rfofcan); for example we can take L to be the product of 
two spheres (say a legendrian 2-torus in a contact 5-manifold) and x be any of the 
maps induced by a Dehn twist in either of the factor, or its composition. Take 
any open book relative to L and such that a is adapted to it. Consider the new 
manifold associated to the open book with symplectic monodromy x° 'P- It is 
clear that the diffeomorphism type of the manifold does not depend on the open 
book, but it is not clear we whether in general the contact structure depends upon 
the choice of open book. In either case, it would be an interesting situation because 
it would give either a new contact surgery (possibly a legendrian surgery based on 
a block different from a symplectic handle), or different contact structures. 

4. Lefschetz pencils and symplectic parallel transport 

Definition 10. Let x £ {M.T^oj). A chart (px- (C"xM,0) {M,x) is compatible 
with (JF, uj) if it is adapted to T , and (p*uj restricted to the leaf through the origin 
is of type (1,1) at the origin. 

Definition 11. (see |34| ) A Lefschetz pencil structure for {M,J-,u) is a triple 
(/, 5, A) where B <Z M is a codimension four 2-calibrated submanifold and f : M\B 
CV^ is a smooth map such that: 

(1) / is a leafwise submersion away from A, a 1-dimensional manifold transver- 
sal to T where the restriction of the differential of f to T vanishes. The 
fibers of the restriction of f to AI\{B U A) are 2-calibrated submanifolds. 

(2) Around any point c € A there exist coordinates zi, . . . , z„, t compatible with 
{!F,Uj), and complex coordinates of G?^ such that 

fiz,t)^ zl + --- + zl + ait), (43) 

where a G C°= (R,C). 

(3) Around any point b Cz B there exist coordinates zi, . . . , Zn, t compatible with 
{J^,uj), and complex coordinates o/ CP^ such that B = zi — Z2 — and 

f{z,t) = Zi/Z2. 

(4) /(A) is an immersed curve in general position. 
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For each regular value z e CPi\/(A), j^^{z) is an open 2-calibrated subman- 
ifold. Its compactification Wz '■— f^^{z) U B, a, regular fiber, is a compact 2- 
calibrated foliation. 

In 121], the following result is proven: 

Theorem 7. Let {M,J^,uj) an integral 2-calibrated foliation and let h be an integral 
lift of [uj] . Then for all k ^ 1 there exist Lefschetz pencils {fk,Bk, A^) such that: 

(1) The regular fibers are Poincare dual to kh. 

(2) The inclusion Ik'- Wk ^ M induces maps Ik^- '!Tj{Wk) ■Kj{M) (resp. 
Ik* - Hj{Wk]'^) Hj{M]'L)) which are isomorphism for j < n — 2 and 
epimorphisms for j = n — 1. 

It is possible to define the blowing up of (M, JT, w) along B as a foliated manifold 
{M,T): one has to use the canonical charts around the points of B to define 
a leafwise blowing up; in this way we obtain the charts for M with an obvious 
fohation T. The map /: M\B -f CP^ lifts to /: {M,T) CP\ having as regular 
fibers the W'^s. It is not clear, however, how to endow (M,!F) with a 2-calibration 
mimicking the symplcctic blowing up. 

4.1. Symplectic parallel transport. Let (/, B, A) be a Lefschetz pencil for (A/, JF, oj). 
Let X e M\{B U A) and the leaf through x. Then Wyj^,) n JFj, is a symplectic 
submanifold of the leaf. Its symplectic orthogonal at a; is a (symplectic) plane tan- 
gent to Tx- We call the corresponding distribution the horizontal distribution and 
we denote it hy Ti. 

Definition 12. A piecewise smooth curve C: [0, 1] — > M\B is called horizontal if 

(1) For every t e (^~^{M\{B U A)), t is a regular point and is tangent to 

n. 

(2) For every non-regular point to G [0,1] both limits limC,{t) and lim(^{t) 

tyto tN,to 

exist. 

A (piecewise smooth) curve 7 : [0, 1] CP^is compatible with the pencil (/, B, A) 
if its non-regular values are contained in /(A) and for any non-regular point the 
limits from the lefi and right of the derivative exist. A horizontal curve j is a 
horizontal lift for 7 if ^ = f ° ^ ■ 

We collect a number of result regarding horizontal lifts and parallel transport 
in the following proposition. They mostly follow from the analogous results for 
symplectic manifolds which have already been used in section |3| 

Proposition 5. 

(1) Any horizontal curve contains at most a finite number of critical points. 

(2) For any curve 7 : [0, 1] — *■ CP"*^ compatible with the pencil and any x G 
M\{BUA) with f{x) — 7(0), there exist suitable piecewise smooth reparametriza- 
tions of "f which posses a horizontal lift starting at x. 

(3) 7/7 smooth avoids f{A n J-'x) and x £ M\{B U A) with f{x) — 7(0), then 
^x is the unique horizontal lift starting at x. Moreover if a lift 7 avoids A 
and 7 is smooth, then it is the unique lift. 

(4) For any smooth curve 7 there is a neighborhood U~, of B in W.y(o) such that 
the (symplectic) parallel transport p-y: U~f\B — > W^(^i-^\B is defined. The 
parallel transport can be smoothly extended to : U~f C ^^7(0) — > ^^7(1) 
by declaring it to be the identity on B. Thus, it lifts to {M,!F) preserving 
the exceptional divisor. 

(5) If ^x is unique then p-y is a local Poisson equivalence around x. For a fixed 
leaf To, if J smooth curve misses /(A n To) then p^: (W^(o)\i?) H To ^ 
(W^(i)\i?) n To is a symplectomorphism. 
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(6) If J smooth misses /(A) then : W!^(o) ^7(1) defines an equivalence 
of Poisson structures. If n > \ then it is an equivalence of 2-calibrated 
foliations. 

Proof. Let 5 be a fixed metric in M and gps the Fubini-Study metric of CP^. Let 
c C" X R denote B^-^iS) x [-6,6], the product of the balls of radius 6 of 
dimensions 2n and 1. Around any point c in A there are coordinates zi, . . . , z„, i 
centered at c defined in ^■^"+^((5), so that /(z, t) = z1 + - ■ •+2:^+o'(i), with 6 and the 
absolute value of a and any fixed number of its derivatives bounded independently 
of c. In y^"+^((5) the metric g is comparable to the Euclidean metric (independently 
of c) ; also the Euclidean metric can be used in the chart C of CP^ . We introduce the 
following notation: V^'^+'^{c,5) := Lpc{V^'^+^{6)), ¥'^'^{6) := B^'^{6), F2"(c,<5) := 

Mv'-{6)) 

The coordinates, up to a translation in C, restrict to J-c to usual Morse coordi- 
nates. Hence, we deduce: 

(a) The critical points of f\jr^ -possibly infinity- are uniformly isolated (w.r.t. 
the induced metric on the leaf). 

(b) There exist r > independent of the critical point c e A such that 
/(y^"(c, (5)) C CP^ contains D{f{c),r), the baU of radius r centered at 
/(c) w.r.t. gps- 

Let C be a horizontal curve containing c € A. From lemma 1101 we deduce that 
that F^"(c, (5) n C is a piecewise smooth curve whose unique singular point is c; 
the length of the piece of C joining c with 91^^" (c, 5) n C is bounded by below by a 
constant D > 0. Therefore, two critical points in ( are at least at distance 2D, so 
we have a finite number of them and this proves 1. 

Let 7: [0, 1] CPi compatible with the pencil, 7(0) = z, and x £ M\{B U A). 
Suppose that the lift jx- [0, io) M\{B U A) converges to A. Then lemma [TOl 
implies that 7 can be extended to [0, to + e] (it is perhaps necessary to reparametrize 
7 to have trivial derivative when it approaches the critical value, so that when "f(t) 
converges to c G A the derivative does not go to infinity). The lift is a horizontal 
curve and it is not unique once we cross c (there is an 5" worth of choices) . 

Suppose that 7: [0, to) M\{BUA) converges tob G B. Consider the restriction 
to the leaf of the coordinates around b of definitionllll Then we are in V'^"{6) C C" 
and the fibers are the pencil of hyperplanes with base B = {0} x C"^^ C C". 
Away from the base we have H a smooth distribution of (real) planes. Notice that 
restricted to each hyperplane of the pencil, the distribution Ti. extends smoothly to 
B n F^"'((5), where we get a smooth family of distributions parametrized by CP^; 
by compactness the angle of all those 2-planes w.r.t the corresponding hyperplanes 
is bounded by below by a positive constant. This easily implies that any horizontal 
curve cannot converge to Br)V^'^{6) in finite time. Therefore, horizontal lifts always 
exist, and they are unique if and only if they miss A, which proves point 2 and 3. 

Given any embedded curve 7 : [0, 1] — > CP^ it is always possible to find X G 
X(CP^) extending 7. Let X g X(V^^"((5)) defined to be the horizontal lift away 
from B n F^"(5), and X\Bnv^"{S) = 0. The previous paragraph imphes that X is 
smooth, so its flow defines an isotopy that fixes B n 1^^"((5). This isotopy -for the 
time interval [0, 1]- restricts to (W^(o)\-B) H F^"(6, 6) to the flow associated to the 
parallel transport over 7, and point 4 follows easily from this. 

To prove point 5 we first show that the lift is at positive distance from 
A^ := An J^:,. 

Consider 

Ax{6) := U V'"{c,6), 
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where we have coordinates in which f^jr^ has normal form. If the distance of 7^ to 
Ax were vanishing then the curve would enter in an infinite number of the previous 
disjoint "balls" V^"{c, S). Select those balls for which 7^ n V^"{c, 5/2) ^ 0. Hence, 
on each F^"(c, 5) the piece of -^x would be of length bigger than some D' > 0, but 
that would contradict the finite length of 'j^- 

Now cover A with "balls" F^"+^(c, 6). By the previous paragraph, even though 
the leaf J-^ may intersect y^"^^(c, (5) in an infinite number of plaques, it contains 
a finite number of connected components of jx- From that we deduce that the 
distance dg{'jx, A) is strictly positive. Therefore, we will have a unique lift starting 
at points in a neighborhood of x in (W^(o)\i?). That will define a diffeomorphism 
which is known to preserve the Poisson structures (for example by lemma El . 

If 7 misses /(A), the previous point implies that the (extended) parallel transport 
poxt . Wyi^f)-) — > 1^7(1) defines a diffeomorphism which preserves the Poisson structure 
away from B. Since B is in the closure of the open fiber, then the Poisson structure 
is preserved in the whole (compact) fiber. 

When n > 1 the cohomology class can be evaluated on embedded surfaces away 
from B. Let E C Wji^q^\B. The parallel transport defines a (trivial) cobordism Q 
from E to p-y{T,). Let us call i^-f(o) (resp. w-y(i)) the restriction of lo to W^(o) (resp. 
W^.(i))- 

< [^'^*^7(l)]-K(0)]. P] / ^7(1) 

and this finishes the proof of point 6. 

Let JFo be a (possibly non-compact) leaf of {M,!F). Let us also fix 2; a regular 
value of f\jr^. Define Wz,o '■— Wz n J-q- This is a smooth submanifold of the leaf. 

Let Bo = B fMFo, W*o ■= Wz.o\Bo- The submanifold Bo has codimension 2 in 
Wz^o- Thus, Wz,o is connected if and only if W* o is connected. We will prove the 
connectedness of the latter. 

Select o°" a connected component of W* o- Let z' ^ z any other regular value 
for /|jFo- Let 7 be a smooth curve joining z and z' and avoiding /(Ao). According 
to point 5 in proposition |S1 ^7(1^2,0°") is a submanifold of W*, ^. Moreover it is a 
connected component for if this were not the case, we could reverse the transport 
and conclude that IV^*™" is not a connected component of W*^. 

Proposition 6. Let 7' he another smooth curve joining z and z' and avoiding 
f{Ao). T/ienp^(M^*r) -py(I^*r). 

Proof. Case 1. Let 7' be such that for some x e W*™" and c e Aq, the curves 72, 
and 7^ only differ inside F^" (c, 5) . 

Recall that /|;)r^(y^"(c, (5/2)) contains D{f{c),r); also the intersection of each 
regular fiber of f^jr^ in F^"(c, S) is connected. If we work l/^"((5) then the parallel 
transport is determined entirely by the 2-form. If r is taken small enough the 
symplectic form does not differ much from its restriction to the origin. Hence, 
by compactness of A, there exists l{r) > independent of c such that for curves 
a C D{f{c),r) of length bounded by l{r) and y e F^"(c, (5/2), we have (Tj,(1) € 

y2"(c,(5). 

Let us assume that z' £ D{f{c),r). Let to e [0,1] such that (i) 7([to,l]) C 
D{f{c),r) has length bounded by l{r) and (ii) ^x{to) G ^^"(c, (5/2). Let 7' be any 
smooth curve connecting z and z' avoiding /(Ao), such that 

• l{[ta,i] C D{f{c),r), and the length of l[^t^^^ is bounded by l{r). 



7(0) 



dQ 



0, 



□ 
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The previous discussion implies that 7^ is unique and 7j;(1),7^(1) S V'^"{c,5). 

Both ^7(1^3*0°") and p^' (W^2*o°") ^^'^ smooth connected components of W*,^^, and 
both contain the unique connected component of Wz'.o H y^"(c, S). Hence they are 
the same component. 

Case 2. Let 7' be such that for some x € W*^°'^ and c G Aq, the curves ■^x and 
7^ only differ away from Ao{6/2). 

Let B{6) denote the tubular neighborhood of B of radius S, and Bo{5) its inter- 
section with To- Using compactness of B and the models furnished by the charts of 
definition 1111 centered at points of 6, it is easy to conclude that the connectedness 
of W* ^ is equivalent to the connectedness of Wz,o\Bo{5): for 5 > Q small enough. 

Let G{5) := M\{A{6/2) U B{5)), Go{5) := G{5) n To- Compactness of G{5) 
implies that in the points of Go{5) the derivative of is bounded by below, and 
that at any p G Go{5) we can find charts 

^p: (1/2»(5),0)CC"^(.FAG(5),P) 
with the following properties: 

(1) The induced metric can be compared by the Euclidean metric. 

(2) In the coordinates zi, . . . , z„ of C" and one of the canonical affine coordi- 
nates of CP^, the map / is the projection onto the first coordinate up to a 
translation. 

(3) The angle between the symplectic horizontal distribution (w.r.t. ^l^n+i) 
and the one associated to the Euclidean metric is bounded by above by a 
constant C, \G\ < 7r/2. 

Notice that for every S > small enough there exists r'{S) > 0, such that 
the image of V'^'^{p, S/2) also contains the disk D{f{p),r'). Similarly, there exists 
l'{r') such that if the length of cr C D{f{p),r') is bounded by l'{r'), then for any 
y e V^"{p,S/2) we conclude that ay{l) e ¥^-^(6). 

Let 7,7' be to smooth curves in the complement of /(Aq) such that for some 
to < h in [0,1], 

• 7|[o,tol =7[o,to]: 7|[ti,i] =%iA]- 

• There exists p € Go{S) such that 7| [t^.ti] and j[to.i] have length bounded by 
/' and are contained D{f{p),r'). 

• Uto)&V'"{p,S/2). 

Then it follows that ^^(M^;™") = PyiW*^""^). 

We can reduce the general case to the two already studied. Let 7, 7' be two 
smooth curves joining z and z' and avoiding /(Aq) . Choose a finite family of smooth 
curves 70 — 7,..., 7™ = 7' avoiding /(Aq) such that for each consecutive pair 
7j, 7j+i, the curves coincide but for arcs aj, Cj+i of length bounded by min(Z,Z'), 
and for any z" G a U a' , we have cr U cr' C D{z" , min(r, r')). 

If we apply induction on j, one checks that each step reduces to either case 1 or 
case 2. Therefore, ^7(1^2*0°") — P-y'{W*'^°'^) and the transport does not depend on 
the curve. □ 

Theorem 8. Let {M, JF, uj) be a 2-calibrated foliation, diniM > 5, and let (/, B, A) 
be a Lefschetz pencil as in theorem ^ Then any smooth fiber W of the pencil 
intersects every leaf in a unique connected component 

Proof. Let be a compact leaf. Then restriction of (/. B, A) to is a Donaldson 
Lefschetz pencil 8 . It comes with an associated real Morse function the index of 
whose critical points is known. The dimension hypothesis implies that W (1 J^c 
connected. 
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Let To be a non-compact leaf. The restriction of (/, B, A) to To defines a function 
to CP^ which is a submersion away from a (possibly infinite) set of isolated critical 
points, for which we have complex charts in which the function is the unique non- 
degenerate complex quadratic form. This "pencil" does not come with a Lefsclietz 
hyperplane theorem, for the associated real Morse function is not proper. 

Let F™" be the set of horizontal curves ^ starting at VK^* ™" and whose image 
/ o C is immersed (away from t e [0, 1] with C,(t) E A). 

We define 

T:^r ■■= {y e To\Bo I 3 c e r™^, c(i) - y} 

By construction Tl'^°^ is non-empty (and connected). We want to show that it 
is open for in that case if there is more than one connected component in W*^, 
then To\Bo -itself connected- would be the disjoint union of more than one open 
non-trivial subset, which is impossible. 

Let y S such that the horizontal curve C connecting the point with W^™" 

avoids the critical points. We can suppose that without loss of generality that 
7 •= / ° C is embedded, for otherwise we only need to apply a finite number of 
times the proof for / o ^ embedded. That y is open follows essentially from point 5 
in proposition 121 we select 

[-1,1] X [-£, 1 + ^CPI (44) 

a diffeomorphism with image J7, and such that f|{o}x[o,i] — 1- is the coordinate 
of the interval [— e, 1 + e], consider 

and denote its horizontal lift by Z, defined in a domain U . Since an integral curve 
of Z contains C, and Z is defined in a tubular neighborhood of ^, its flow defines a 
local diffeomorphism from V a small neighborhood of y. By the local model around 
X and y (both belong to Go{5), for some (5 > 0), we conclude that all the integral 
(horizontal) curves (p, p G V, intersect W*'^°^ (perhaps prolonging them a little 
bit). Notice also that each f o Cp is an embedded curve. 

Let c e T'To'^ be a critical point, and let C, be the connecting horizontal curve; 
we suppose that C H A = {c}. Assume again that 7 := / o ^ is embedded. From the 
Inormal form around c for j\jr and the results of subsection 13. 41 we know that there 
is a lagrangian sphere L C W^2*.o°" characterized as the set of points in a; € W^2*.o°" 
such that 72: (1) = c. Fix F as in equation 1441 and let Z be the horizontal lift of 
d/dtF (away from critical points). If we take A > small enough, then the integral 
curves of Z starting at r(A) C W*'^"^ sweep out a tubular neighborhood of c. Both 
the assumption of / o and c being the only critical point in C imply no restriction. 

Using the ideas of proposition we can show that for any z' ^ /(Aq), Tl'^°'^ C\ 
f~^{z') = pj{W*'^°'^), for any immersed curve 7 C CP"'^\/(Ao) joining z and 2'. □ 

Corollary 1. Let W be a smooth fiber of a Lefschetz pencil for (Af , T, uj), dimM > 
5. Then the inclusion I: (W,Tw) ^ (J^It^) descends to a homeomorphism 

7?: W/Tw^M/T 

Proof. This is point 1 in lemma [21 applied to I: {W,Tw) {M,T). The first 
necessary hypothesis is I being transversal to T, which holds trivially. The second 
is the intersection of W with every leaf of T being connected, and it is the content 
of proposition (HI □ 

Proof of theorem^ Let {M,T,uj) be a 2-calibrated foliation. If it is not integral, 
the compactness of M implies that we can slightly modify w into uj' so that a 
suitable multiple koj' defines an integral homology class. Theorem jJl implies the 
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existence of a Lefschetz pencil {f,B,A). Let {W, J-w , kuj\w) be a regular fiber. 
Corollary n implies the inclusion induces a homeomorphism 

7?: W/Tw M/T 

If the dimension of W is bigger than 3, we apply the same construction to 
{W,!Fw, By induction, we end up with a 3-dimensional taut foliation such 

that {W^,Tw) ^ {MjJ-'jOj) descends to a homeomorphism of leaf spaces. □ 

4.2. Regular fibers and lagrangian surgery. Theorems and |H1 describe part 
of the homology (resp. homotopy) of the regular fibers, and of the topology of their 
leaf spaces in terms of the corresponding data for (M, !F) . 

We want to understand how different regular fibers are related. 

If two regular values z and z' belong to the same connected component of 
CP^\/(A), then for any curve 7 in that connected component connecting z with 
z', point 6 in proposition |S1 implies that p°^^ : Wz Wz' is an equivalence of 2- 
calibrated structures if n > 2, and of Poisson structures if n = 2 (recall that the 
fibers have dimension 2n-l). 

We notice that any two arbitrary regular values z and z' can always be joined 
by a curve 7 transversal to /(A). 

Theorem 9. (see ^) Let z, z' € CP be two regular values. Let j be a curve 
joining z and z' and transversal to /(A). Then f is a cobordism between both fibers 
which amounts to add one n-handle Jar each point a; € A such that f{x) C 7. More 
precisely, if n > 2 and there is only one critical point in /^^(7), then there exists 
L C Wz\B a framed lagrangian sphere such that Wz' is the result of performing 
generalized Dehn surgery on Wz along L. 

Proof. Strictly speaking, the cobordism is /^^(7) and occurs in the blown up ma- 
nifold, but since the handles are attached in arbitrarily small neighborhoods of the 
critical points, we can equally work on M. 

Let u; G 7 and c G A with /(c) — w. Let us fix adapted charts ipc- ^^"+^((5) C 
C" X M ^ y2n+i g^j^j canonical affine chart of CF^ centered at c and w respec- 
tively, such that equation|12|holds. We fix ro > such that D{ro) C f{V'^"+'^{6/2)) 
(we omit the puUback of / by the chart tpc in the notation). 

From now on wc will work in the adapted coordinates furnishes by ipc and use 
the notation of section O 

We assume also that z — (ro,0), z' = (— r, 0) and 7 — /io(r, — r), i.e. the real 
segment form r to —r. 

Since / is transversal to 7, /~^(7) H ^^""'"^((5) is a manifold with corners. 

The proof of Z{6) := /~^(7)ny^"+^((S) being a cobordism with attaching sphere 
Sr, J' G (f, fo), is left for the interested reader. 

Let WriS) := Wr n Z{S) , r G [-ro.ro]. 

We will adapt theorem0]to our new setting and define for all r > small enough 
an equivalence of 2-calibrated foliations 

(j)r:Wr^ W-r 

Stage 1 is the same. We define 

0r := P^|f_,,,] : Wr\Wr{5/2) ^ W^r (45) 

To carry out the remaining steps we need to describe the relation of / and lo 
with the projection pi : C" x K ^ C". 

The tangent space of Z{5) at the origin is the leaf through the origin. Therefore 
the projection pi restricted to Z{6) is a diffeomorphism. 
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Recall that 

h:C" — > C 

(zi,...,Z„) I > Zi^ H hZn^ 

LetcTr := (0,r)+cr. The leaves of F^^+i (5/2) are parametrized by t e [-6/2,5/2]. 
The restriction of / to each leaf is ht := h + a{t). Therefore, 

Wr{5)= U h-\r + a{s)) 

Let rit, t S [—5/2,5/2] be the restriction of u to the corresponding t-leaf. The 
symplectic forms Vlt S r2^(y^"(i5/2)) are all compatible with h and hence with ht- 
They are not a constant family in general. Let Yt be the hamiltonian w.r.t Q.t of 
—Imht (or — Im/i). 

Let h{ar{t)) be the horizontal segment joining ar{t) with (T„r(i)- The Poisson 
morphism p°|*_rr]' '^^en restricted to the t-leaf is Po.tM'^r-if))- 

In order to make things more similar to the constructions of theorems|Sland0I we 
will assume a{t) = (0,t). This is no restriction, for we can rescale the y coordinate 
on so that the (T2 [t) = t (recall that diffeomorphisms on (R^ , 0) do not alter the 
results of the aforementioned theorems). Then on each i-leaf the parallel transport 
(the flow of Yt) over the horizontal line through (0,i) can be used to construct a 
Poisson equivalence in F^"+-'^((5) between /~^(r) and {h + t) (r). 

Consider S X{Wr{5)) the vector field in the kernel of uj\yv,.{S) whose flow for 
time t sends the t'-leaf to the t' + i-leaf. 

Fix an identification from {T{\), dckcan) with [U, Sf^^ ,.) and use Pno,ho{r,-r) and 
the flow of R'^ to construct the sets Tr(A, e) C Wr{5). We also have the subsets 

i^.(A,A',e,0)cl/2"+i(e) (J po,,h,W)(^r(A, A', e, 0)) 

of lemmalHl whose closure does not contain the origin (here the <-leaf of ^^(A, A', e, 0)) 
is translated w.r.t. f^t over the segment /it(r, Vf). Therefore, we can equally use the 
metric in Ar{\, A', e, 0) instead of the Euclidean metric. 

Since we are working in a contractible neighborhood of the critical point, we 
have bj — da. Let at denote the restriction of a to each t-leaf of ^^""'"^((5/2), so 
dj^at — r^t. The exact structure we use in Tr(A, e) is the restriction of at to the 
corresponding t-leaf. 

Stage 2 in theorem^lamounts to interpolate for each r small enough between (pr-, 
and a map (j)r the map which coincides with for t- leaves ^ and whose 

expression for i-leaves in [-Cr, Cr] is given in equation 1421 

In the current situation (pr is given by the family of symplectomorphisms 

that incorporate the dependence on t of the symplectic forms Vtt. 

Recall that the symplectic form fio is Kahler at the origin. Let fij, Z e [0, 1] be 
a family of such forms such that Sl'^ = ilo, f^o = ilc^+i +rfC- Let (3r '■ [^(5/2, 5/2] 
[0,1] is such that (3r{-t) = l3r{t), /3r|[o,e,/2] = 0, /3r|2e,/3,5/2] = 1- Wc define 4)r by 
the formula 

<^f-K.(t) ° <^r,r ° ^fUt),r o P%^^t).H^^^,^^r.-.^ ° '^PAt),r ° Vi,r o V^l(^t)-v (46) 

In order to connect (pr and (pr by a family (j)j.^s we just need to use a the family 
of functions Kr,s and (3r,s in stage 2 in the proofs of theorems |3 and ^ respectively. 
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The same arguments used in stage 2 in theorem0]show that these maps are exact 
symplectomorphisms, and that for all r > small enough we can apply remark [3 
to get the desired exact Poisson morphism. 

Stage 3 works exactly as in theorem 0] but also incorporating the dependence 
on t on the symplectic forms for all leaves. Step 4 is the same. 

□ 

4.3. Growth properties of the leaves. It follows from point 1 in lcmma|21that 

(i) if a leaf J^x of M has polynomial growth then its intersection with a regular 
fiber of a pencil Wz has also polynomial growth and (ii) if the intersection !Fx<^W 
is compact, since W intersects every fiber of then has to be compact. 

We do not know whether polynomial growth of J-^HW implies polynomial growth 
of J^x- 

Let a be a 1-form defining J-. Then there exists a 1-form rj such that da — rjAa. 
The 3-form i] A drj is closed. The Gobdillon-Vey class is defined to be [rj A drj] G 
H^{M; R) and it is well defined. In dimension 3 the evaluation of the Godbillon-Vey 
class on the fundamental class of the manifold is called the Godbillon-Vey number. 

Assume that M has dimension 5. Let {fk, Bk, Ak) be a Lefschetz pencil and 
h ■ Wk ^ M a regular fiber Poincare dual to kh, where h is an integral lift of [lo\. 
Then it can be easily checked that Godbillon-Vey number of Wk is k /^^ cj A 77 A drj. 

5. Lefschetz pencils and harmonic measures 

A foliation can be understood as a generalization of a dynamical system, the 
leaves being the analogs of the orbits. An appropriate tool to study the ergodic 
theory of a foliation is a transversal invariant measure, but these do not always exist. 
In Garnett introduced the so called harmonic measures. Those generalize the 
invariant ones and do always exist. Besides, they are suited to develop an ergodic 
theory. 

Given a leafwise metric gjr, let Ag denote its leafwise laplacian. 
Definition 13. A probability measure m is harmonic (w.r.t gjr) if 

Agipm = 0, 

for every ip continuous and along the leaves and such that Agip is continuous. 

Harmonic measures always exist. Locally, in a foliated chart, a harmonic measure 
decomposes into a transversal measure and the leafwise measure associated to gjr 
multiplied by a harmonic function 

Those results hold for any foliated manifold. The existence of a harmonic mea- 
sure follows from the ellipticity of the leafwise laplacian together with the Hahn- 
Banach theorem (an alternative proof uses a fixed point theorem and deep results 
on the process of diffusion along the leaves ^^). 

We want to give a geometric proof for 3-dimensional taut foliations. 

Let {M^,T) a taut foliation and (/, A) a Lefschetz pencil {B is empty). The 
complement of /(A) C CP^ is a collection of 2-cells Di, . . . , Dp. The inverse image 
of each cell is a collection of open solid tori Tij , 1 < i < p, 1 < j < Ip. For each tori 
we choose a fiber and a diffeomorphism from it to parametrized by 6* e [0, 27r]. 
We extend it to a map 

nj:T,,^S\ (47) 
by requiring it to be leafwise constant. 

Let i/g denote the leafwise area form. We define on Ty the volume form 



n 



i^g A T*jdd 



A HIGHER DIMENSIONAL GENERALIZATION OF TAUT FOLIATIONS 



41 



which is weh defined even though i>g is a foHated area form. 

Definition 14. The measure associated to the pencil (/, A) and diffeomorphisms 

m(V):=^/ V-^gAr^.d^ (48) 

Proposition 7. The normalization of the measure of definition \14\ is a harmonic 
measure whose support is AI . 

Proof. The complement of IJ Ty is the disjoint union of A and an open surface, 
and hence has measure zero (w.r.t. any riemannian metric). Therefore the support 
of m is M. 

The harmonicity is straightforward. 

We need to show that m{Tij) < oo. We will prove the existence of a constant C 
such that for any leaf T>g of Tij (diffeomorphic to an open disk), 



■D9 

Hence 

/ VgA T*jd9 = [ if vg)de < 27rC 

To bound the surface of the disk T>o we fix [/ a tubular neighborhood of A covered 
by a finite number of adapted charts centered at points of A. On each chart we have 
coordinates z, t with domain of the form B^{5) x [—5, S\, and /(z, t) ^ + '^{t)- 

Let V°g be 2?e n [/ and = Ve\D°s. 

Let us fix the round metric on CP^ and let vi denote its area form. In the 
complement of U the leafwise derivative of / is bounded by below by > 0. 
Therefore, 



Jvl. Jd. 



IVl JD 

Let c e A be a point in T>g\Dg. In the compatible chart with coordinates z,t 
it goes to a point (0,te) in the vertical axis. In the cylinder -B^((5) x [—(5,(5] the 
inverse image of /(A) is diffeomorphic to the union of the two coordinate planes 
containing the vertical axis; the diffeomorphism is the identity when a{t) = t. The 
images of the planes are still transversal to the complex disks, and therefore they 
split each B^{t,S) of B^{S) x [—(5,(5] centered at {0,t) in four components, two of 
which map to Di. 

Clearly, the area of T>g D B^{tg, S) is bounded by above by the area of B^itg, 5); 
by compactness there is a common bound A for that area independently of the leaf 
Bf^ g. The relevant observation is that the local model implies that the area of 
T>g n B^{tx,S) is bounded from below (independently of the disk T>g). Therefore, 
T>e only accumulates into at most N < oo points of A. Hence, the area of T>g is 
bounded by NA. 

□ 

Remark 11. For simplicity we have worked in the smooth category. Theorem^ 
and all the derived results hold also for foliated manifolds. 
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